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two millenia, Euclidean geomerry was regarded a5 the pinna-
de of deductive logic, undl 19th cenury rnathemaricians real-
ized thar there were theorems thar depended on tmplicit as-
sumptions (such as the face that the diagonals of a thombus
lie inside the figure) that were not logical deduaions from the
axioms.

1t would be a mistake to assume that at last we have “got
it right” and thar this generadon is Fee of the internal con-
flicts and confusions of the past. On the contrary, we have our
own share of corporate ¢reases of the mind. (See, for exam-
ple, Sierpifisks, 1985a, 1985b, 1987.) Many of the creases that
we purpen 10 see in students are acwally present in ourselves
and have been passed down in varyingly modified forms from
generston o generation.

For example, the idea that a function y = f(x) is single-
valued has become part of our rmathemarical culmare, and
we may find it sirange 10 see sudents asserting that a circle
x%+y* = 1 can be a function. Yet the teren *implicic fonction”
continues to be used in textbooks to describe such an expres-
sion. I {to my eternal shame) find thar I published a computer
program: called the “implich funcrion plower” which will draw,
amoeng other things, the graph of x* + * = 1. Likewise I find
myself considering the draf of a new curriculum for the 16-19
age range in Britain which says of this equation: “Suicly speak-
ing,  is not a funcxion of x because there is not & unigue value
of y for each value of x, but we miight think of it as a ‘double-
valued' function from x o y.” Whar are smadents o think? Can
any of us, with hand on our hear, state that we have never
indulged in any vagaries of this kind? Let him who i5 without
sin cast the first stone.

CONCEPT DEFINFFION AND CONCEPT IMAGE

What is a good definition? For the philosopher or the scientist, it
is a definidon which appties 10 2ll the objects o be defined, and
applies only 1o them; it is that which satisfies the cules of logic. But
in education it is not thar; it i one tar can be undersiood by the
pupils. (Pointaré, 1914, p. 117) -

The "pew mathematics? of the 1960s was a valiant awempt 10
create an approach based on dlear definitions of mathemad-
cal concepts, presented in z way (it was hoped) that sdents
would understand, But it failed 10 achieve all its high ideals.
The problem is that the individual's method of thinking zbout
mathematical concepts depends on more than just the form of
words used in a definition.

‘Within mathematical activity, mathematical notions are not only used
according (o their formal definition, but also through mental represens
wrigns which may differ for different pecple, These “individual models®
are elaborated from “spontaneous medels” {models which pre-exist, be-
fore the Tearning of the mathematical notion and which originate, for
example, In daily experience) interfering with the mathemarical defi-
nition. We notice that the notion of limit denotes very often 2 bound
vou cannot cross over, which can, or cannor, be appreached. [tis some-
tmes viewed a5 reachable, sumetimes a5 unreachzble, (Comu, 1981)

Thus the experience of pupils pricr 1o meeting formal def-
initions profoundly affects the way in which they form men-
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tal representations of those concepts, During the late 1970s
and early 19805 many awthors noted the mismarch berwveen
the concepts as formulared and conceived by formal mathe-
maticians, and those as interprezed by studems. For exam-
ple, difficulties were noted in the understanding of the lim-
itng process as secants tend 10 mngents {Oron, 1977), the
meaning of infinite decimals (Tall, 1977), geometrical con-
cepis (Vinner and Hershkowitz, 1980), the notion of fanction
(Vinner, 1983), limis and continuity (Sterpifisia, 1987; Tall &
Vinner 1981), the meaning of the differential (Artigue, 1986),
convergence of sequences (Robert, 1682), Limits of functions
(Ervunck, 1981}, the angent (Tall, 1987; Vinner, 1983), infinite
series (Davis, 1982), infinite expressions (Borasi, 1985), the in-
mition of infinity (Fischbein, Tirosh, & Hess, 1979), and so
on

To highlight the role playsd by the individual’s conceptual
structure, the erms “concept Image” and “concepr definition™
were introduced in Vinner and Hershkowirz (1980) 2nd later
described as follows: ’

We shall use the term concept image to describe_the towl cognitive
swucture that is associated with the concept, which inctudes ali the
menml pifrures and associated PrOPELES anG ProCEsses.... AS (he con-
cept tmage develops 1L need not be coherent at all Limes... . We will
tefer o the portion of the concepr image which is acdvaced 2t a par-
deular dme the evoked eoncept image. At differem times, seemingly
conflicting images may be evoked. Coly when conflicing aspects are
evoked simuitaneously need there be any acrual sense of conflict or
cenfusion. (Talt & Vinner, 1981, p. 132)

*
On the other hand, “The concept definition [is) a form of words
vsed to specify that concept” (Tall & Vinner, 1981, p. 132).
e consideration of conflics in thinking is widespres
the Hterature:

New knowledge often contradicis the old, and effective learning re-
quires strategies o deal with such conflic, Somerimes the conflicting
pieces of knowledge can be reconciled, sometimes one or the other
must be abandoned, and sometimes the two can both be “kepr around”
if safely mainwined in sepacate menml comparments. {Papert. 1980,
p 121)

In general. learning 2 new idea does not cbliterate an earlier idex
When faced with 2 question or 1ask the student now has rwo ideas, and
may retrieve the new ane or may remieve the old one. What is ac sk
is not thé possession oF non-.possession of the new idea; but rather the
selection (often vnconscious) of which one o rewieve. Combinations
of the two ideas are also possible. often with stikingly nonsensicaf

" results, (Davis & Vinnes, 1586, p. 281)

This is particulasly apphicable 1o the transition to advancet!
mathematical thinking when the mind simulizneously has cof
cept images based on earlier experiences thar interact Wik
new ideas based on definitions and deductions. The very ide:
of defining a concept in a sentence, as opposed w describing it
is at first very difficult to comprehend, pamicularly when then
are words in the definition that a7 not defined. 1t is impossibh
o make 2 beginning withoot making some assumptions, an
these are based upon the individual's concept image, not O
any logically formulated concept definidon.
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