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BY MARILYN VOS SAVANT

Suppose you're
on a game show,
and you're given
Wyl the choice of
A4l three doors:

#

- the others,

goats. You pick a door, say No. 1,

“and the host, who knows what's .
behind the doors, opens anather
door, say No. 3, which kas a geat.

B Hethen says to you, “Do you want

to pick door No. 22" Is it to your

¥ advattage to switch your choice?
 —Craig F. Whitaker, Columbia, Md.
Yes; you should switch. The first door £
- has a one-third chance of winning,
¥ but the second door has a two-thirds
_chance. Here's a good way to visualize

what happened. Suppose there are a
million doors, and you pick door No.
1. Then the host, who knows what's
behind the doors and will always avoid
the one with the prize, opens them
all except door #777,777. You'd

- switch to that door pretty fast, wouldn’t
= you?
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LASE VEATUYI™

BY MARILYN VOS SAVANT

Pl come straighit
to the point. In -
the following

| question and
answer, you hlew
ul

i “You'reona
game show and

- given a choice of thiree doors. Behind

oite is a car; heltind the others are
goats. You pick Door Na. 1, and the
host, who knows what's.bekind them,
opeits No. 3, which has a goat. He
then asks if you want to pick No. 2.
Should you switch?"

You answered, “Yes. The first door

has a 1/3 chance of winning, but
the second has a 2/3 chance.”

Let me explain: If one door is
shown to he aloser, that informuation
charniges the probability of either
remaining choice to 1/2. Asa
professional mathematician, I'm very
concerned with tie general pulilic's

- lack of mathematical skills, Please

help by confessing your érror and,
in the future, being more careful.

. —Robert Sachs, Pr.D.,
George Mason University, Fairfax, Va.

You hlew it, and you blew it hig!
Since you seem to have difficulty

" grasping the basi¢ principle abwork

kiere, Pllexplain: After the host -
reveals a goat, you now have a one-
in-two chance of being correct. There
is enough mathematical illiteracy
in this country, and we don't need
the world’s highest 1Q propagating
more. Shame!

—Scott Smith, Ph.D.,

University of Flarida

Your answer to the questioriis fii
error. But if it is any consolation,
many of my colleagues have also
been stumped by this problem.
_ -—Barry Pasternack, Ph.D.,
California Faculty Association

Good heavens! With so much learned
opposition, I'll bet this one is going
to keep math classes all over the
country busy on Monday.

My original answer is correct. But

first, let me explain why your ang wel

- is wrong. The winning odds of 1/3
on the first choice can't go upto 1/2
just because thie host opens a losing
door. To illustrate this, let’s say we
play a shell game. You look away,
and L.put a pea under one of three
shells. Then T'ask yoli to put your
finger on a shell. The odds that your
choice contains a pea are 1/3, agreed?
Then { simply lift up an empty shell
from the remaining two. As I can

(and will} do this regardless of what
you've chosen, we’ve leamed nothing
to allow us to revise the odds on the
shell under your finger, '

" The benefits of switching are readil ¥
proved by playing through the six
games that exhaust all the possibilities.
For the first three games, you choose
No. 1 and switch each time; for the
second three games, you choose No.

1 and “stay” each time, and the host
always opens a loser. Here are the
results {(each row is a game):

DOOR § DOOR 2 DOOR 3
AUTO GOAT GOAT
Switch and you loses o
GOAT AUTO GOAT
Switch and you win. T
GOAT . GOAT AUTO
Switch and you win.

AUTO - GOAT GOAT
Stay and you win,

GOAT AUTO GOAT
Stay and you lose.

GOAT GOAT AUTO

Stay and you lose.

When you switch, you win two out
of three times anid lose one time in
three; but when you don't switch, you
only win one in three times and lose
two in three. Try it yourself.

Alternatively, you actually can play
the game with another person acting
as the host with three playing cards—
two jokers for the goats and an ace for
the auto, However, doing this a few
hundred times to get staiistically valid
results can get a little tedious, so
perhaps you can assign it for extra
credit—or for punishment! (Thar'il
get their goats!)

if you have a question for Marityn vos Savant, who is listed in the “Guinness

Book of World Records Hall of Fame" for “Highest IQ.” send it to: Ask Marils,

PARADE, 750 Third Ave., New York, N.Y. 10017. Because of volume of mail,

personal replies are not possible.
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| pame-show question, and [ hope

- BY MARILYN VOS SAVANT

—Frank Rose, Pit.D.,
Univecsity of Michigan

I have been a faithfid reader of your

colmtn and have nat, until row, had

- any reasoit to doubt you. However,

in fits matter, in which | do have
experfise, your answer is clearly at
odds with the fruth,

i ——lames Rauff, Ph.D,

Millikin Unfversity

‘May 1 suggest that you obtain and
' refer to a sfandard textbook on
probakility before you by to

answer 2 question of this fype

again? . .
‘ —Charles Reld, Ph.D.,
Universify of Florida

Your logic ks in ervor, and § am

" stire you will receive many letters

on this topic from high schoo and

college students, Pechaps you

' shoufd keep a few addresses for
help with future colurms,

~W. Robert Smith, PlLD.
Georgia State University

' You are utterfy incorrect about the

- this controversy will call some
public attention fo the serfous
national crisis in mathematical
education. i you can admit your
error, you will have comributed
constructively toward the solufion
af adeplorable situation. How
many frate mathematicians are
needed to get you to change your

mind?
—£&. Ray Bobo, PR.D.,
Georgetown University

| | amm i shock that after being
carrected by at least three
mathematicians, you still do not

see your mistake.
. —Hent Ford,
Dickinson State University

Maybe women took at math
problems differently than nien.
~Don Edwards, Sunriver, Ore.

You are the goat! .
" —Glenn Calkins
Western State College

‘1 Yous"ve wrong, but look at the

positive side. If alf these Ph.D.s
were wrong, the country would be
in very serous trouble.
~—Eyerett Harman, Ph.D.,
U.S, Arty Research Institute

Gasp! If this controversy continues,
even the postran won't be able to
fit into the mailroom. I'm receiving
thousands of letters, nearly all
insisting that I*'m wrong, including
one from the deputy director of the
Center for Defense Information and
another from & research
mathematical statistician from the
National Institutes of Health! Of the
letters from the general public, 92%
are apainst my answer; end of the
Retters from universities, 65% are
against my answer. Qverall, nine out
of 10 readers completely disagree
with my reply.

But math auswers aren’t
determined by votes. For those
readers new to all this, here's the |
original question and apswer in full,
to which the first readers responded:

“Suppose you're on a game show,

" and you're given a choice of three

doors. Behind one door is a car;
behind the others, goats. You pick &
door—say, No.l—and the host, who
knows what's behind the doors,
opens another door—say, No. 3—
which has a goat. He then says te
you, ‘Do you want to pick door No.
27 Is it to your advantage to switch
your choice?”

I answered, “Yes, you should -
switch, The first door has a 1/3
chance of winning, but the second
door has a 2/3 chance. Here's a
goad way to visualize what
happened. Suppose there are a
million doors, and you pick door
No. 1. Then the host, who knows
what’s behind the doors and will
always avoid the one with the prize,
opens them all except door No.
T77.777. You'd switch to that door
pretty fast, wouldn't you?”

$o ﬁany readers wrote to say
they thoupht there was no advantepe
to switching {and that the chances

- became equal) that we published 2

second explanstory columin,
affirming the corpactness of the
original reply apd using a shelf -
game and a probability grid as
illustrations,

Now we're receiving far more
mail, 2nd even newspaper

. colemnists are joining in the fray.

The day after the second columa
appeared, lights started flashing
here at the magazine. Telephone

“calls poured inio the switchboard,

fax machines churned qut copy, and

| the mailroom began to sink under its

own weight. Incredulous at the

response, we read wild accusations -

of intelectual imesponcibifity and,
as the days went by, we were even

| more incredutous to read

embarrassed retractions from some
of those same people!

The reaction is understandable,
‘When reality clashes so violently
with intuition, people are shaken.

But understanding is strength, so
let's jook at it again, remembering
that the original answer defines
certain conditions—the most
significant of which is that the fost
will alwdys open a losing door on
purpose, {There's no 'way e can
always open a losing door by
chance!) Anything else is a different
guestion.

" The original answer is stll
comect, and the key to it lies in the
question: Should you switch?
Suppose we pause at that point, and
a UFO settles down onto the stage.
A litle green woman emerges, and
the host asks her to point to one of
the two unopened doors. The
chances that ske'il randomly choose
the one with the prize are 1/2. But
that’s because she lacks the
advantage the origina! contestant
had—the help of the host, (Try to
forget any particular television
show.)

When you first cheose door No. 1
from among the three, there's a 113
charnce that the prize is behind that
one and a 2/3 chance that it's behind
one of the others. Buz then the host
steps in and gives you a clue. If the
prize is behind No. 2, the host

shows you No. 3; and if the prize is
behind No, 3, the host shows y ™,
No. 2. So when you switch, yo. |
if the prize is behind No, 2 orNo. 3.
YOU WIN EITHER WAY?! But if you
clon't switch, you win-only if the
prize is behind doorNo. 1, . -
. And as this pt?b!emis_ of such’
intease interest, I'm willing to put
my thinking to the test with a P
nationwide experiment. This is a
call to math classes alf across the
couniry. Set up a probability triat
exactly as cutlined below and send
me & chart of all the games, along
with a cover letter repeating just
how you did it, so we can make sure
the methods ans consistent. :

One student plays the contestant,
another plays the host. Label three
paper cups No, 1, No. 2 and No_ 3.
While the contestant looks away,
the host randomly hides & penny
under a eup by throwing a die until
a 1, 2 or 3 comes np. Next, the
contestant randornly points to 2 cup
by throwing a die the same way,
Then the host purposely lifts up a
losing cup from the two unchosen.
Last, the contestant “stays” and lifts
up his original cup to see if it covers
the penny. Play “not switching™ 200 '
times -and keep track of how often
the contestant wins, =~

Then test the other strategy. Play
the game the same way ontil the last
instruction, at which point the
contestant instead “switches” and
lifts up the cup not chosen by
anyone to see if it covers the p
Play “switching™ 200 times also:

And here's one last letter:

Dear Marifyn: .
You are indeed correct. My
colleagues at work had a bal with
this problem; and [ dare say that
most of them—including me at
first—thought you were wrong!
—Seti Kalson, Ph.D.,
Massachusetts Institute of
Technology

Thanks, MIT, I needed that!

. personal replies are not pessible,

{f you kave a question for Marilyn vos

Savant, who is listed in the “Guinness
Book of World Records Hall of Fame™
Sor "Highest1Q)." send itto: Ask Marilyn,
PARADE, 730 Third Ave., New York,
N.Y. 10017, Because of volume of mail,
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BY MARILYN VOS5 SAVANT

In 2 recent
column, you
called an math
‘tlasses around
the coantry to
. perform an
RREY experiment that
. . would confirm
| Your respanse to a game-show
- problent. [“Suppose vorrre on a
. Eame stiow, and you're given the
- choice of three doors, Behind one
 deor ks a car; behind the otfiers,
-goats. You pick a deor; say No. 1,
and the host, who knows wihat's
| kehind the doors, opens another
door, say No. 3, which fias a goat.
He then says to yott, ‘Do you want
to pick deor No, 27 Is it to your
advantage fo switch your choice?7]
You answered, “Yes, you should
switch. The first door has a.1/3
chance of winning, fiuf the second
. door lias a 2/3 chance. Heres 2
| good way to visualize what
kappened: Suppose there are a
- #inilfion doars, and you pick door
No. 1. Then the host, who krows
what’s bakind the doors and wiil
' always avoid the ane with the
| prize, opens them all except door
No. 777,77:; You'd switch te that
| door pretty fast, wouldn't you?"
| Myelghthi-grade classes tried it
| [switching and not switching, 200
-|. tintes eacli, using Hiree cups and a
 eoinl. { don't really understand
. how fo set up an equation for your
theory, but it definitely does work!
You'll have to help rewrite the
chapters on prohabifify. :
—Pat Gross, Ascension School,
Chesterfield, Mo,

Our class, with unbridled
enthusiasm, is proud o announce
Hiat our data support your position.
Thank you so much for your fafth in
America’s educators to solve this,
—Jackie Charles,
Heary Grady Blementaty, Tampa, Fla.

My class had a great time

watching your theory come to life.

I wish you could have béen here to

witness it Their joy is what makes

.teaching worthwhile. :
—Pat Pascoli, Park View School,

Wheeling, W.Va
%
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' My classes enjoyed this and look forward fo
. This is the stuff of real science.

. Somters, Conn.
| 1 did your experimert on probability as part of a |
" science-fair project, and affor extensive iiferviews

with the judges, f was awarded first place.

I also thought you were wroag, so | did your
" experiment, and you were exactly carrect.

1 put iy solution of the problem on the bulletin

i afree dinver frem oue overconfident professor,

aeven grallps worked on the prababilify
problem. The numbers were impressive, and
the studeitts were astounded. )
—R. Burriclier, Webster Elementary School,
St. Paul, Miuz,

The best part was seaing the looks on the

. studeqts’ faces as their mmbers were talljed,
| The resutts were thrilfing?

—Patricia Robinson, Ridge High School,
" Basking Ridge, N.1,

“You canld hear the kids g_‘asp',, one at a time,

“Oh, ruy gosh! Ske was rig
~lane Griffitl, Magnoka Schoal, Oakdale, Calif,

I must admit | doubted you until my fifth-grade

" math class proved you right. A I can say is WOW!

—Jo!mmtt,l?&dsideﬂememmy,ﬁmr!’ﬂs, Wi

the next project you give Ametica’s students,

—lerome Yeutter, Hebran Public Schoals,
Hehron, Neb.

Thanks for that fun math problem. 1 really
enjoyed it. It got me out of fractions for two
days! Have any more?

—Andrew Malinoskd, Mabhelle Aivery School,

moment and take stock of the situation so far,
We've received thousands of letters, and of the
people who performed the experimen; by hand as
described, the results were cloge to Unaninious:
You win twice a5 often when You change dogrg.
Nearly 100% of those readers now believe it pays
to switch. But many people tried performing
similar experiments on computers, fearlessly
programming them in hundreds of different ways,
Not surprisingly, they fared a lile [esg well. Even
0, about 97% of them now believe it pays to switch.
And plenty of people who didn perform the

71% now believe you should switch, compared
with only 35% before. (Many of them commented
* thatit altered their thinking dramatically, especiaily
ahout the stzte of mathemaricat education in this
couniry.} And 2 very small percentage of readers

—Adrienne Skettan, Holy Spirit Schoof,
Annandale, Va.

(I used three ciips to represent the three
doors, but instead of a penny, | chose an
aspirin tablet because | thougft ! might need
to take i after my experiment.)

—Wiliiam Hunt, M.D., West Palm Beach, Fla.

board in the Plysics Department office here,
following it with a declaration that you were
right. All moming ! took a tot of criticism and
‘abuse from my colleagues, but by late in the
afternoon most of thent came around. | eveli won

" —Eugene Mosca, Ph.D., U1.S, Naval Academy,
: ’ Annapolis, Md.

After considerabie discussion and vacillation
kere at the Los Afamos National Laboratory,
two of my colleagues independently
programmed thie problem, and in one milljon
trials, switching paid off 66.7% of the time,
The total running fime an the computer was
less than one second.

—G.P. DeVault, Ph.D, Los Alamos Nationat

Laboratory, Los Alamos, N.M.

Now fess up. Did yon really figure all this out,
or did you get help from a mathematician?
—Lawrence Bryan, San Jose, Cafif,

Wow! What a response we received! It's stilt
comuug in, but so many of you are so anxious to
hear uhe resuits that we'li stop allying for a

- previous colurnns have written to say they've
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feel convinced that the furor is resulting from
people not realizing that the host s apening 2
losing door on purpase. (But they haven't read my
wmiaill The great majority of people understand the
conditions perfecily.)

And 50 we've made progress! Half of the
readers whose letiers were published in the

changed their minds. But, of course. .,

Dear Marilyn:
I still think you're wrong. There is such a thing
as female logic. :

- —Don Edwards, Sunciver, Ore. §

Ch, hush now.

If you have a question Jfor Marilyn vas Savanr, who is

listed in the “Guinness Book of World Records Hall of
Fame" for “Highest I3, "send ir to- Ask Marilyn,

PARADE, 750 Third Ave., New York, N.Y. 10017 Becawse
of volume of mail, personal replies are not possible.
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The Car-and-Goats

A number of mathematicians were thrown into a tizzy by the fol-
towing problem, which appeared last fall in Marilyn vos Savant's
column, “Ask Marilyn,” in Parade (a Sunday newspaper supple-
ment}:

One of three doors hides a car (all three equally likely) and
the other two hide goats. You choose Door 1. The host, who
knows where the car is, then opens one of the other two doors
to reveal a goat, and asks whether you wish to switch your
choice. Say he opens Door 3; should you switch to Door 22

Marilyn said yes, arguing that the probability for Door 2 is now 24,

This led to protesis, another column, and then a deluge of additional
protests. Alicgether she heard from “thousands” of people. Nine-
tenths of them insisted that with Door 3 now ehmlnated Doors 1
and 2 were still equally tikely.

Of the respondents from the general public, 92% disagreed with her,
while of the responses from universities, 65% disagreed. It follows
that 714% of the responses came from universities. Therefore 5%
were naysayers from universities, and one may suppose that just
about all of this group were professional mathematicians.

The mathematicians were a disgrace to the profession. The puz-
Zle requires more patience than readers predisposed toward the
rough-and-ready answer seemed willing to devote. Many writers
appear to have rushed to reply without first fetiing their ideas jell.
I saw no evidence of the patient attitude of a feacher. Instead,
the writers quoted were arrogant and condescending—Get your-
self a standard book on probability,” “You're the goat,” “We're hav-
ing enough trouble with mathematical illiteracy as it is™—and then
proudiy identified themselves as PhDs or faculty members. One of
them asserted that if the PhD critics were wrong then the country
would be in serious trouble.

The country is in serious trouble.

These writers are the products of our graduate schools. is that
where they acquire these atfitudes? In class? From professors
they see rushing into print?

Interestingly enough, no one seemed to notice that Marilyn had
introduced not one game but two. Game i, stated above, is the
one the writers are upset about.

| A

As for Game M, Marilyn defined it implicitly by just solving it: If the
car is actually at Door 1 {probability 15}, then when you switch you
lose; but if it is at Door 2 or Door 3 (probability %) then the host's
revelation of 2 goat shows you how to switch and win. Therefore the
chance you win-by switching is %5. Elegant. But in this argument,
we are still considering the possibility that the car is behind Door
3; so the host cannat have already opened that door {much less to
reveal a goat). In this game, you have to announce before a door
has been opened whether you intend to switch.

Game | Is a different matter. Here the probability, P, that switching
wins is a conditional probabifity: that it wins given that the host -
has opened Door 3. It is easy to see that P > 5. (So the critics
are quite wrong.) The host has opened Door 3. It was certain he
would do that if the car is at Door 2, but less than certain (except in

"an extreme case} if it is at Door 1. This gives the edge 1o Door 2.

(This reasoning depends on the fact that the a priori probabilities
for the two doors are equal.)

It fact, P can be any number between 4 and 1. The nub of the
matter is what happens when the car is actually at Door 1, so tha
the host has a choice of doors to open. The value of P depends
on how he makes that choice--on the probability, ¢, that he will
open Door 3.

In the extreme case, ¢ = 0, the host opens Door 3 only when the
carisatDoor 2, and P = 1.

When ¢ = 1 we get P = 3. For when the car is at Door 1 the
host opens Door 3 one time in two; but if it is-at Deoor 2 he opens
Door 3 two times in two. So when he actually does open Door 3,
the car is at Door 2 two times out of three.

Simitarly, P = 1/{1+ ¢} = n/(n+ m) for any rational ¢ = "¥n.
{By Bayes's rule, the first equation holds for all real ¢.) Of course,
0<g<limpliesl > P > b

Over a long series of games, where the host opens Door 3 or Goor
2 according to his strategy and you switch every time, your win
probability is %5.” This is true regardiess of how he chooses or
mixes his strategies. Say he sticks with the strategy of the first -
example. Then he opens Door 3, giving you the sure shat, only 14
of the time; the remaining 24 of the time, when he opens Coor 2,
your win probability is 5. Your net chances are % in each case,

for a total of 25 This is no surprise: you are now playing Game Il.
[ ]

L eonard Gillman is Professor Emeritus af the University of Texas at Austin. His many services
to the Association include terms as MAA Treasurer (1973-1985) and MAA President (1987
1988). Readers interested in the car-and-goats problem will discover a fuller account of i
mathematics in the January 1992 issue of the MAA'S AMERICAN MATHEMATICAL MONTHLY.




