
MTH 344: Final Exam Review Problems

These problems are for review, but are not necessarily representative of ALL types of
problems that may be on the final. In other words, completing these problems should not
be the only way you review for the final exam.

1. The following is a partially completed Cayley table for a group, G.

1 2 3 4 5 6 7 8
1 1 2 3 4 5 6 7 8
2 2 1 4 3 6 5 8 7
3 3 4 2 1 7 8 6 5
4 4 3 1 2 8 7 5 6
5 5 6 8 7 1
6 6 5 7 8 1
7 7 8 5 6 1
8 8 7 6 5 1

(a) Complete the Cayley table.

(b) Find the centralizer of each member of the group.

(c) Find Z(G).

(d) What is the order of 2? 3? 4?

(e) Find a proper subgroup, H, containing 2 and 3.

(f) Is H cyclic? If so, what is a generator?

(g) Determine if the left cosets of H in G are equal to the right cosets of H in G (i.e.
is aH = Ha? for all a ∈ G?).

2. Let G be a group with subgroup H. Prove that if the index of H in G is 2 (|G : H| = 2)
then aH = Ha for all a ∈ G.

3. Prove that in any group G, |ab| = |ba|.

4. Write down (the isomorphism classes of) all groups of order 100 as external direct
products of cyclic groups.

5. Let G be an abelian group of order 72 with the property that x24 = e for all x ∈ G.
What are the possible ways to write G as an external direct product of cyclic groups?

6. Write U(15) as an external direct product of cyclic groups. Clearly justify your choice.

7. Let G = Z2 ⊕ Z10 ⊕ Z24.

(a) Write down two elements of maximal order in G.

(b) Is G cyclic? Explain.

(c) How many elements of order 4 are there in G.

(d) How many cyclic groups of order 4 are there in G.

(e) Write down two cyclic groups of order 4.

(f) Write down a non-cyclic group of order 4.



8. Let G = Z4 ⊕ Z2 and H be the subgroup of G given by H = 〈(2, 1)〉. Write down all
cosets of H in G.

9. Prove that the subset of elements of finite order in an abelian group forms a group.

10. Suppose that a and b are group elements and that a−1ba = b−1 and b−1ab = a−1. Prove
that a2 = b−2.

11. Let H be the subgroup generated by 〈5〉. Write down all of the left cosets of H in Z20.

12. Let G be a cyclic group of order 20, G = 〈a〉.

(a) what is the order of 〈a4〉?
(b) How many right cosets does the subgroup 〈a4〉 have in G? Write them all down.

13. Find 8242 (mod 13) using Fermat’s Little Theorem. Show work.

14. Suppose that K is a subgroup of H and H is a subgroup of G. If there are six left
cosets of K in H and four left cosets of H in G, how many left cosets of K are there
in G?

15. Prove each part of Theorem 6.2.

16. Prove each part of the Chapter 7 Lemma (p. 145).

17. Find a group or explain why it is impossible to find a group with elements of order
2, 3, 5 and 7, but no element of order 9.

18. Find a group or explain why it is impossible to find a group with elements of order 2, 3
and 12, but no element of order 4.

19. Prove the Socks-Shoes Property (Theorem 2.4)

20. Prove that the One-step subgroup test works; that is, prove Theorem 3.1.

21. Write down all generators of the subgroup 〈15〉 in Z50.

22. Prove that for n > 2, U(n)2 = {x2 | x ∈ U(n)} is a subgroup of U(n).

23. Suppose φ is an automorphism of Z16 such that φ(8) = 8, find all possible formulas for
φ(x) (there is more than 1).

24. Let α and β be elements of Sn. Prove that βαβ−1 and α are either both even or both
odd.

25. Let α = (145)(23467)(57). What is α110?

26. How many elements of order 8 are there in A10?

27. Prove that an abelian group of order 55 must be cyclic.

28. Prove or disprove that D4 is isomorphic to S4.

29. Is Z6 ⊕ Z6 ⊕ Z2 isomorphic to Z2 ⊕ Z3 ⊕ Z12? Explain.

30. Show that the group of real numbers R under addition is isomorphic to the group of
positive real number R+ under multiplication via the mapping φ(x) = ex.


