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NONPERIODIC SAMPLING THEOREMS AND FILTER BANKS

1. PRELIMINARIES

1.1. INTRODUCTION

In this section, we give a short history of the problem and the dissertation

summary.

1.1.1. A BRIEF HISTORY OF THE PROBLEM

The majority of signals encountered in engineering and scientific environ-
ments can be viewed as analog signals, i.e., functions of a continuous variable.
However, transmission, storage and manipulation of signals are easily permitted
when signals are digital which can be presented by discrete functions. Thus, it was
inevitable to find a means to convert analog signals to digital ones. In 1949 the clas-
sical sampling theorem was introduced to information theory by Shannon. Before
Shannon, others have derived the theorem in different contexts, and the general idea
has even been attributed to Cauchy; for a detailed review see [17]. In the literature
on signal processing, the classical sampling theorem is roughly stated as follows.

Suppose f € Lo(IR) and the Fourier transform f(f) vanishes outside K =
(=W, W). Then f(z) is completely determined by its values on H = {n/2W : n €

Z} by the formula



B sinT(2Wx —n)
fa) =2 fn/2W) =5 (1.1)

neZ

From above, one can see that the sampling theorem provides a reconstruction for-
mula for a band-limited function of one variable from its sampled values. This
theory has been extended to higher dimensions and to nonuniform sampling sets;
see the reviews [2, 22, 23, 17, 15]. We are specifically interested in three branches
of advancement.

The first branch of advancement is Kluvanek’s important generalization
which resulted from replacing IR by an arbitrary locally compact Abelian (LCA)
group G [19]. The sampling set is then a coset of a closed discrete subgroup H of
G. The Fourier transform of the function f is assumed to vanish almost everywhere
outside a set K C R C @, where R is a fundamental domain of H+, i.e., a measur-
able subset R of G such that every £ € G can be uniquely written as & = r+n, where
r € Rand n € H* (see (1.2.12) in § 1.2 below). One can view R as a complete
set of coset representatives of G /H*. Here G and H' are the dual group of G and
the annihilator subgroup of H respectively. The following is the sampling theorem
proved in [19]:

~

Theorem 1.1.1 Suppose f € La(G) and f(§) =0 for almost all & ¢ R. Then f is

equal almost everywhere to a continuous function. If f itself is continuous, then

F(@) = — " ) nl(~(@ — ) (1.2)

CyL
H yeH

uniformly on G and in the sense of the convergence in Lo(G) where Xr(—z) is the

inverse Fourier transform of the characteristic function of R. Furthermore,

HfWZéiE]ﬂwP

yeH
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We note that in Kluvanek’s paper, cy1 = 1 and in our normalization cy1 = mg(R),
the Haar measure of R. If we choose G = R, K = (=W, W) and H = (1/2W)Z,
then
. sinT(2Wx — n)
( —n/2W)) =
Xa(=(z —n/2W)) T(2Wx —n)

Thus, if f € Ly(IR) and F =0 outside K, then we obtain (1.1).

We note that in Kluvanek’s theorem, the support K of fis contained in a
fundamental domain R of H+. This means that in the case of the classical sampling
theorem, H and K must be chosen so that the translated sets K +n with n € H*
are disjoint. But it is important to also consider the case where these translated
sets are not disjoint. This case is part of the second branch of advancement which
was first considered by Kohlenberg in [20] and its now known as periodic sampling.
Consider G = R, H = (1/2W)Z, H+ = 2WZ and K = (=W, — W, -Wy) U
(Wo, Wo + W). Since the (Lebesgue) measure of K is 2W, we expect the optimal
sampling rate to be 2. The classical sampling theorem allows exact reconstruction
at this optimal rate only if Wj is an integer multiple of W, since otherwise the
translates (K + 2IW), | € Z are not disjoint. Kohlenberg overcame this restriction
by considering sampling sets of optimal density which are no longer subgroups, but
unions of cosets of a subgroup, e.g., by sampling the values of f on the subgroup
H, = W™'Z and on z; + H;. Note that the set H; U (x; + H;) has the average
density of 2W. He gave the following reconstruction formula.

-~

Theorem 1.1.2 For any function f(x) with f(§) = 0 for all § ¢ K = (=W, —

W, —Wo) U (Wy, Wy + W), the exact interpolation formula is

f(a:)sz(%)k(x—%)+Zf<x1+%>k<%+xl—x> (1.3)



~cos2n(Wo+ W)t — (r + D)aWay] — cos[2n(rW — Wo)t — (r 4 1)nWay]
B 2nWt sin(r + 1)mWay

cos[2n(rW — W)t — raWay] — cos[2nWot — raW |
+ 2aWt sinrmWx,

k(1)

(1.4)

We need to require that xy # n/(Wr),z1 # n/(W(r+1)) where r is an integer such
that (2Wo/W) <r < 2Wo/W) + 1.

Since the sampling set is invariant under shifts by elements of the subgroup Hi,
this area of sampling theory is known as periodic sampling. Further studies of non-
equidistant but periodic sampling on IR can be found in [18, 25, 30]. Generalizations
to higher dimensions include [4, 11]. Further results for IR* x [0, 27)" [6] with their
applications to computed tomography can be found in [5, 6].

In his paper [7], Faridani gives a general and unified treatment of periodic
sampling in the framework of LCA groups. He considered sampling sets which are
unions of finitely many cosets of a closed subgroup H with K an arbitrary compact
subset of G to be the support of the Fourier transform of the function f. In case of
periodic sampling the sets K + 1, n € H+ are usually not disjoint. This induces a
decomposition of the set K into disjoint subsets K;, where each K; consists of the
points which are overlapped by the same translates, i.e., K + ny), o K+ 77%—1'
Faridani uses the characteristic functions g, of these sets as the building blocks
for his reconstruction formula. We will review the details of this decomposition at
the beginning of the § 2.1.2 below. Another important difference to note is that the
subgroup used by Faridani does not need to be discrete. We refer to the following

theorem in [7] at various parts of the present work. It gives a reconstructed version

of f from the knowledge of f on cosets x,, + H, n=0,..., N — 1.

Theorem 1.1.3 ( [7]) Assume that f € Li(G) is continuous, every function y —

f(z + y) belongs to Li(H), and that f vanishes outside a compact set K C G.
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Let M, = {nil),...,n,g?l_l}, Il =1,...,L be the values assumed by M = {n €
H\ {0} : £ € K +n} as & runs through K. Let xr, be the indicator function of
Ky={{eK: M= M}. Assume xo+ H,...,xny_1+ H € G/H are such that for

l=1,...,L the systems of equations

N-1

>0
n=0
N (l) (1.5)
BOmi<man > — 0 j=1 . m—1

Il
=)

n

admit solutions @(zl), n=20,...,N—1. Then

F(&) = Z_ > Bxk, (&) / @y + y)e TSIV dimy (y) (1.6)
n=0 I=1 H
and
1) = 3 [ $a+ o)l 0 = ity (L7

with
kn(2) =Y B R 4k (2)- (1.8)

We note that the case with N = 1 and L = m; = 1 yields the classical
sampling theorem [19]. This requires that the sets K +n, n € H* be mutually
disjoint. In the case where G = R, H = Z/W with K = (=W, — W,-W,) U
(Wo, Wy + W), Theorem 1.1.3 gives Kohlenberg’s result (1.3).

The third branch of advancement is the case of sampling theory with nonpe-
riodic sampled data but with partial structure. In this case, sampling sets are unions
of cosets of possibly different subgroups and therefore no longer periodic. Walnut’s
paper on nonperiodic sampling of bandlimited functions [28] falls into this category.

In [28], Walnut considered sampling sets in IR to be the union of different subgroups,
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ie., A =U" {n/2r;}nez where r;/r; is irrational if ¢ # j. As part of his work in
[28], Walnut proves a uniqueness theorem for this case and higher dimensions. We

quote the uniqueness theorem in one dimension.

Definition 1.1.4 : Given a finite set of positive numbers p, define R, =

dorepts Lp=[—R,, Ry|, and Ay, = {n/2r :n € Z\ {0}, r € p}.

Theorem 1.1.5 ( [28])Let 1 < p < oo, let 0 <1y <719 < ... < 1Ty be such that
ri/r; is wrrational if i # j, and let p = {r;}1",. Suppose that fe L,(1,) vanishes
almost everywhere outside I, and f satisfies:

a. f(A) =0 forall X\ € A,

b. f9(0) =0 forj=0,...,m— 1.

Then f(x) =0 for almost every z € R.

The condition b on the derivatives of f at zero is required since the sampling sets
{n/2r; : n € Z} have zero as a common point. Walnut generalized these results to
higher dimensions using tensor products. The Fourier transform of f is supported
in the hypercube I = {z = (x1,...,2q4) : 2; € I,} and the sampling sets are
Ad = {X = (\,...,A) - A € Ay}, see Theorem 4.1 in [28, p. 445]. Walnut also
constructed a collection of Lagrange-type interpolation functions which in principle
would yield a reconstruction formula. However, Walnut also proved that this collec-
tion is unbounded in Ly(IR) (see Proposition 3.1 in [28, p. 442]). In a recent paper
[29], Walnut used the results from nonperiodic sampling proved in [28] to compute
explicit, compactly supported solutions, {v; ¢}, to the deconvolution equation
Yo pikvie = ©, where @ is a given function and p; = X[=rsrds ¢ = 1,...,m with
r; as above.

The purpose of the present work is to consider sampling sets which are finite

unions of cosets of closed discrete subgroups in the framework of locally compact
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Abelian groups. In particular, we call H a lattice if G/H is compact. In our theory,
we use admissible lattices which are lattices so that the annihilator subgroup H*
of H is also a lattice with R as fundamental domain of H+. We assume that f
vanishes outside a precompact subset K of G which is constructed of the unions of
fundamental domains of different H;s. By a precompact set, we mean a set whose
closure is compact. Furthermore, K has a telescopic shape, i.e., for By C ... C Ry,

let K1 =Ry and for j=2,...,N
Kj:RjU(77j+ijl)U...U((?]j+...+772)+R1) (19)

Kj_l C Rj

with n; € H ji Then K = Ky. Using the classical sampling theorem, we first
reconstruct a version of f, Sy, f, with respect to Hy. Thus f and Sy, f coincide
on xy + Hy and their difference vanishes on xy + Hy and using Theorem 2.1.4 can
be represented by a function whose Fourier transform vanishes outside the set Ky_1.
One can continue with this procedure till K1 = Ry is the only set left. This produces
a recursive reconstruction formula to give f. To complete the introduction, we
include the main result of the present work at this point. For definitions of admissible
lattices and admissible subsets of G with respect to H; see Definition 1.2.12 and

Definition 2.1.7 respectively.

Theorem 1.1.6 : Suppose that H;, i = 1,..., N are admissible lattices with R; as
a fundamental domain of Hi- for eachi such that Ry C ... C Ry. Assume that K is
an admissible subset of@ with respect to Hy, ..., Hy and K; as in Definition 2.1.7.
Let f € Ls(G) be continuous so that f vanishes outside almost everywhere K.
Assume that (z — xj,m;) # 0 for 2 € J/Z} (x: + H;) and 1 < j < N. Then there
are continuous functions f; € Ly(G) such that supp(]?j) CK;,j=1,...,N and for

almost every v € G



fi(z) = S fi(=), (1.10)
fi(x) = Su, fi(x) = fi—1(z)(1 - i)y j =2 N, (1.11)
fn=1Ff (1.12)
with
Su,9(x) = Al : Z g(xi + y)Xr,(—(x —x; —y)), z€QGq. (1.13)
mg(R:) vell,

This recursion provides an algorithm to compute f from the sampled values f(z), z €

Uiil(xl + H;).
We can differentiate this work from periodic sampling by the following points.
e Using nonperiodic sampling sets.

e Under certain conditions, it is advantageous to treat a periodic sampling set

as union of cosets of different subgroups. Example 2.1.21 shows one such case.

The set K which is considered here needs to satisfy certain conditions which are
not necessary in periodic sampling. Furthermore, in periodic sampling sampling
sets need not to be discrete. We also differentiate the work here from Walnut’s

nonperiodic sampling in the framework of G = IR? by the following points.
e Using the general setting of locally compact Abelian groups.

e Using the cosets of the subgroups instead of the condition on the derivatives

of f at zero.

e Sampling sets are not built by using tensor products of lower dimensional sets.
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e The support of the Fourier transform of the function that needs to be recon-

structed does not need to be a hypercube.

e A recursive formula is provided that can reconstruct a bandlimited function

under certain conditions.

On the other hand, the theory developed here requires a compatibility condition
involving the support K of f and the sampling sets which are not necessary in
the nonperiodic theory presented by Walnut. We also make a note that the theory
provided here is not general enough to treat the general case of nonperiodic irregular
sampling. This is the case where the sampling set only needs to meet some density
requirements. For a treatment of this case see, e.g., [2, 9, 10, 12, 21| and the
references given there.

The classical sampling theorem is only one method in which data can be
extracted from a function and still contain sufficient information to reconstruct the
function. Shannon also noted that one could reconstruct the function from the
knowledge of the function and its first derivative at every other sample point. This
idea was extended to higher derivatives. These and other reconstruction ideas were
remarkably unified in a generalization of the sampling theorem by Papoulis [25].
The generalization concerns reconstruction of a signal with data sampled at 1/Nth
the optimal rate from the output of N filters through which the signal has been
sent. The result is a generalization of the reconstruction from the filtered signal’s
samples. On IR, this is an analogue of what is called filter bank in a discrete setting.
Since the area of filter banks is vast, we won’t be able to give a comprehensive
introduction. However, the following should suffice to serve our purpose.

A digital signal is a function defined on the integers, denoted by a doubly

infinite vector. The delay operator S is given by S x(m) = x(m — 1) where m € Z.



10
The inverse of the delay operator is called advance. A digital filter is a linear
combination of delays and advances. The N-fold decimator (N being an integer) is
presented by the relation (| N)xz(m) = x(Nm), which indicates that only the input
samples occurring at times that are multiples of N are saved. The symbol (| N)

indicates downsampling or decimation. The expander is described by the relation

x(m/N), if m is a multiple of N;

(T N)x(m)Z{

0, otherwise.

That means, the expanders insert N — 1 zeros between adjacent components of
x(m). The symbol (T N) indicates upsampling or expansion. Upsampling and
downsampling are not shift-invariant operators. A filter bank is a set of filters,
which are linked by sampling operators and sometimes by delays. An analysis bank
consists of two steps, filtering and downsampling. A synthesis bank which follows an
analysis bank has also two steps, upsampling and filtering. When the reconstructed
output z(n) from the synthesis bank is identical to the original input x of the analysis

bank(with only a time delay), the reconstruction is called “perfect reconstruction”.

C L o = (2) g =0+ 2) Cx = Lx

input| x

c B o b = 4 2) s = 2) Dx = Bx

FIGURE 1.1. Analysis Bank

We see that a filter bank is the analogue of the generalization of the sampling
theory defined on IR given by Papoulis. Our purpose is to give a general definition
of the concept of a filter bank which can be used as a unifying tool in areas such as

periodic sampling theory.
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FIGURE 1.2. Synthesis Bank

1.1.2. DISSERTATION SUMMARY

A brief outline of the dissertation is as follows.

In § 1.2, we introduce the necessary facts about Fourier analysis on locally
compact Abelian groups (LCA groups). We will also provide lemmas and conven-
tions such as normalization of the Haar measures which will be used in the next two
chapters.

The main results are proved in chapters 2 and 3.

In chapter 2, we prove a uniqueness theorem and introduce a recursive
method as a reconstruction formula for a class of nonperiodic sampling sets. In
§ 2.1, we prove theorems and lemmas which facilitate our work for proving unique-
ness and reconstruction. Of those, Theorem 2.1.4 contributes results which are
significant on their own. Consider a function f which vanishes on a closed discrete
subgroup H and its Fourier transform vanishes outside a precompact subset K C G.
If K +n, n € H* are disjoint, the classical sampling theorem implies that f must
vanish almost everywhere. Theorem 2.1.4 tells us what can be said about f, if the

translated sets are not disjoint.
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A uniqueness theorem for the case of nonperiodic sampling sets is proved in
§ 2.1.1, i.e., if f vanishes on a union of cosets of finite number of different admissible
lattices and fvanishes outside a precompact set K C G , then f vanishes everywhere
on GG. An example in 2 dimensions is given.

In § 2.1.2, we assume the same hypotheses as uniqueness with the exception
that f does not vanish on H. A recursive formula is found which can reconstruct
f. In case of H| = Hy = H, it is shown that this recursive formula has consistent
results with Theorem 1.1.3 by Faridani (cf. [7]). Further examples in one dimension
are furnished.

In chapter 3, we consider how to generalize the notion of filter banks to use
it as a unifying tool for periodic sampling theory and multi-sensor deconvolution.
In § 3.1.1, upsampling and downsampling are generalized in the framework of LCA
groups. By appropriate choices of LCA groups, we showed that the results of our
generalization are consistent with the results found in the area of filter bank theory.

These results are used in § 3.2 to prove a generalized form of what is known as
perfect reconstruction in signal processing. We applied these results to two different

areas, periodic sampling and multi-sensor deconvolution problem.

1.2. STANDARD DEFINITIONS AND THEOREMS

We present some useful notation, definitions, and theorems which will be
used throughout the course of the next two chapters. Let IR, Z, C, denote the
reals, integers, and complex numbers respectively. If S is any set, we define the

characteristic function (indicator function) xg of the set S to be the function given

1, ifzes;
xs(x) =
0, ifzgs.

by



13
We use S, 05, and |S| to denote the closure, the boundary, and the number of
elements in S respectively. In the next two chapters, the setting of our work is
based on locally compact Abelian groups and elementary locally compact Abelian
groups. We use the abbreviations LCA and ELCA for them respectively. We recall
that a topological space is locally compact if every point has a closed compact
neighborhood. We follow the definitions given in [13]. Recall that ELCA groups are

defined through their topological factors as:
G2RxZP xT'xT,, (d>0,p>0,¢>0m>1), (1.14)

where IR? is the Euclidean d-space, Z? is the p-dimensional lattice of integers, TY
is the g-dimensional torus group and I, is a finite Abelian group with cardinality
m. The product topology inherited from the factors makes G a LCA group. If
G is an ELCA group, then L,(G) is separable. Unless the contrary is explicitly
stated, throughout the next two chapters G represents a LCA or an ELCA group
with binary operation of addition. A character of a group G is defined to be a
homomorphism of G into the group T = IR/Z. We use the notation (z, ) to denote
the character £ € G at the point x € G. The group of all continuous characters of
G is called the character group or the dual group of G and is denoted by G. It is
also an LCA group if it is equipped with a natural addition and a natural topology,

see [26, p. 10]. This can be used to prove the famous Pontryagin duality theorem.
Theorem 1.2.1 (Pontryagin) If G is a LCA group, then the dual group of@ is G.

Proof. For a proof, see [26, p. 28]. O
Classic examples are: G = IR, G = R; G=T=1R/Z, G= Z, G=1Z, G=T.
With every LCA group G, there is associated a non-negative regular measure

mg, the so-called Haar measure of G. This measure is not identically zero and is
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translation invariant. That means mg(E + ) = mg(E) for all x € G and every
Borel set E C G. The Haar measure is unique up to multiplication by a positive
constant. mg(G) is finite if and only if G is compact. In this case we normalize
me so that mg(G) = 1. If G is discrete, mg will be a multiple of the counting
measure. If G is discrete but not compact, mg can be normalized so that it equals

the counting measure. For a more detailed discussion, see [26, pp.1-2].

Theorem 1.2.2 If GG is discrete, then G is compact. If G is compact, then G is

discrete.

Proof. For a proof, see [26, p. 10]. O
As part of the proof for Theorem 1.2.2, we have the following useful fact

which gives an orthogonality relation.

Lemma 1.2.3 IfG is compact and its Haar measure is normalized so that mg(G) =

1, if&=0;
/ €2m<x,§>de(x) — { e
G 0, if&#0.

Proof. For a proof see e.g., [14, Sec. 23.19] or [26, p. 10]. O

1, then

Definition 1.2.4 : Suppose H is a closed subgroup of an LCA group G and H+
is the set of all n € G such that (y,n) =0forally € H. H* is called the annihilator
of H.

Theorem 1.2.5 With the above notation H+ and CAJ/Hl are isomorphically home-

omorphic to (G/H)" and H respectively, i.e.,
H' = (G/H)" andH = G/H".

Proof. For a proof see [26, p. 35]. O
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Lemma 1.2.6 If H* is the annihilator of H, then H is the annihilator of H*, i.e.
(HH* = H.

Proof. For a proof see 26, p. 36]. O
If m¢ is the Haar measure associated with G and 0 < p < oo, L,(G) denotes

the set of all Borel functions f on G such that the norm

111, = [ 15 dmc<x>)1/p

is finite. If p = 0o, the L., is the space of all bounded Borel functions on GG, normed
by

[flloo = ess sup,eq|f(2)];

where the essential supremum of |f| is defined to be the smallest number A such
that m({x : f(z) > A}) =0.

For all f € L;(G), the continuous function f defined on G by

f(6) = /G F(2)e 209 ding(x) (1.15)

is called the Fourier transform of f. From now on, we will always assume that the
Haar measures of G and G are normalized so that the following inversion theorem

holds.

Theorem 1.2.7 If f € Li(G) is continuous and f € Li(G), then

~
~

/() = /G () dma(€) = ()(—2). (1.16)

~

The Fourier transform can be extended to a linear isomorphism of Ls(G) onto Ly (G)

by means of the Plancherel Theorem.
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~

Theorem 1.2.8 The Fourier transform is a linear isometry of Lo(G) onto La(G),

and the inverse Fourier transform is a linear isometry Lo(G) onto Lo(G). These

two transformations are inverse of each other.

Proof. For a proof see [14, Sec. 31.18]. O

Lemma 1.2.9 If f € Ly(G) and ]? has compact support, then ]?E L, N Ll(CA}’) and

f s equal almost everywhere to a continuous function.

Proof. f € LQ(CA}’) by the Plancherel Theorem. Thus f € Ll(CA}’) since f has
compact support. Since ]?E Ll(@), f is also the inverse Fourier transform of fin

the L, sense, i.e.,
flo) = /af (O™ dma(€)  ae.

Since the right hand side is continuous, the proof is complete. 0O

Remark 1.2.10 : If f € Ly(G) and fhas compact support, then by Lemma 1.2.9
f is equivalent to a continuous function f If we define the restriction of f to H C G
to be the restriction of fto H, then this restriction is well defined.

For the remainder of this section and the next two sections, we will assume
that G is an ELCA group. This choice is broad enough to cover almost all applica-

tions.

Definition 1.2.11 : A closed discrete subgroup H of an ELCA group G is called

a lattice, if the quotient G/H is a compact group.

Definition 1.2.12 : An admissible lattice is a lattice which satisfies the following
two conditions:
i) Ht is also a lattice, and

ii) there exists a measurable precompact subset R of G such that OR has measure
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zero and every & € G can be uniquely written as & = r+n, wherer € Randn € H*.

We call such a set R a fundamental domain of H=.

Remark 1.2.13 : Suppose that H is an admissible lattice and R a fundamental
domain of H+. Then my and my. equal non-zero constants cy and cy. times the
counting measure respectively. For fe Ll(CA}’) define the function RHJ_fI G JH —

C by
Ry f(€+ HY) =cpe Y f(E+m).

neH+

We notice that the sum on the right-hand side does not change when ¢ is replaced
by £ +n withn € H*, so RHJ_fiS indeed a function of the coset £ + H*. According
to Theorem 28.54 in [14], RHLfbelongs to Ll(CA}’/Hl). Throughout this thesis, we

use the following convention.

Convention 1.2.14 : Let H be an admissible lattice. We normalize the Haar
measures on G, CA;, H, H+, G/H and CA;/HL so that

i) The Fourier inversion formula (1.16) holds.

ii) An analogue inversion formula holds for the Fourier transform on H, i.e., for

F € Ly(H) with F € Li(G/H") so that

P = [ FQE g . )

iii) mg, . (G/H*) = 1.

iv) /A A RHL]?(f +H") dmé/Hl &+ H)
G/H ~ R (1.17)
= [ w3 Rt nimgi e+ #Y = [ F©) dmg)

1

We note that such a normalization is possible [26, section 2.7.3]. Below, we will

show that cy = 1 and cyr = ma(R).
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The next lemma establishes an identification between G JH* mg /g and
R, mg respectively, where R is a fundamental domain of H L. This identification is

used throughout the next chapter.

Lemma 1.2.15 Assume that H is an admissible lattice and R a fundamental do-
main of H+. For g € Ll(@/HL), define the function g € Ll(@) by g(&) =

Xr(&)g(&+ HL). Then the following equality holds:

/R 3(E) dmg(©). (1.18)

CyL

| ol ) dmg (6 + 1Y) =
G/HL

Proof. Define f in Remark 1.2.13 to be Xr(€)g(€). Since for £ € R and

neH*+
1, ifn=0;
xr(E+1) = { i
0, ifn#0.
We have
Ry (xr) (€ + HY) =cyr Y Xr(€+n)3(E+n) = cyr §(€) (1.19)
neHL
Thus, for £ € R
[ 3©ama(©) = [ xn(©5(e) dma(©) (1.20)
R G
:/A Ry (xw@)(€ + HY) dmg . (€ + HY) (1.21)
G/HL
e [ gle HY) gy (64 ) (1.22)
G/HL

where (1.21) and (1.22) follow by (1.17) and (1.19) respectively. O

We are ready now to determine the two constants cy and cyu.

Note 1.2.16 : To find ¢y, consider the function f € Ly(H) whose Fourier trans-

~

form satisfies f(¢) = 1. Then by the inverse Fourier transform, we have
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fy) :/A 627ri<va>dmé/Hl(g)
G/HL
1, ify=0;
- (1.23)
0, ify#0.
Note that (1.23) follows from Lemma (1.2.3) and the fact that CA}’/Hl is compact.

Now by the Fourier transform, we have

_ —CHZf f2m§y

yeH

= CqHy.

Furthermore, if in Lemma 1.2.15, we let g = 1, then ¢y is equal to mg(R) # 0.
The following version of the Poisson summation formula is given by Grochenig

in [13, p. 217).

Theorem 1.2.17 Suppose H is an admissible lattice with R as a fundamen-
tal domain of H+. If f € Ll(@), then the periodization RHlf(é + HY) =

mg(R) D cps f(f + 1) is in Ly(G/HY) and fory € H
(Rers ) (w) = £ (). (1.24)
If furthermore 37 [f(y)|* < oo, then Ry.f € Ly(G/HY) and

Ryo f€+ HY) =mg(R) Y f(E+n) = fly)e >0 (1.25)
neHL yeH

where the equality (1.25) holds almost everywhere and the right hand side converges
in Ly(G/H?Y).

Proof. For a proof, see [13, p. 217]. [
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2. NONPERIODIC SAMPLING THEOREMS

2.1. SAMPLING THEOREMS

In this chapter, we prove a uniqueness theorem for nonperiodic sampling sets.
We present a reconstruction formula for this case as well. We will assume throughout
the next two chapters that H is an admissible lattice and R a fundamental domain
of H+. We normalize the required Haar measures according to Convention 1.2.14.
With this normalization, we have found ¢y = 1 and c¢y. = mg(R). Furthermore, we
assume that f € Ly(G) is continuous, and that fvanishes almost everywhere outside
a precompact subset of G. In earlier sections, we mentioned a decomposition of K
into disjoint subsets K;. This decomposition plays an important role throughout this
work. To motivate the abstract theory, we will give an example and then present

the decomposition as it is introduced in [7].

Example 2.1.1 : Let G = R, H = Z. Then G = R, H* = Z, and =
IR/Z = T. Hence fundamental domain R of H* can be chosen to be [0,1). Thus
mg(R) = 1. Assume that K = [0,3/2], and f € Ly(IR) such that the hypothesis
of Theorem 1.2.17 holds. Define F(§) = > 5 f(n)e ?™. Following Poisson
summation formula (1.25), we have

F(&) =Y fn)e > =" (¢ +n) (2.1)

neZ neZ

where n € H+. Since f vanishes outside K, (2.1) becomes
f&)+ Fle+1), ifEefo,1/2 =Ko,
ng)a 1f§€(1/271>:K17

fE€=1)+f(§), iEe[l,3/2] = Ks.
For ¢ € K; = (1/2,1), ]?(5) can be recovered from f(n) with n € Z. However,

F(&) =

~~

for £ € Ky U K, f(f) can not be recovered uniquely from f(n). The Poisson
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summation formula gives an equation which relates points in K, with points in
K3. Thus in general, given K, the Poisson summation formula gives an equation
of the form F(§) = Z?:Ol f(f + n;) where the only nonvanishing terms have n; for
which & +7; € K and there are m such 7;s. Let ]\75 be the set of all such »;, i.e.,
Z\A/fg ={ne H':{+ne K}. For a given ¢ the set K¢ consists of all points ' € K
for which ]\A/[/f/ = ]\75 Furthermore, for n € ]\A/[/g, we have n e K —§( C K — K, ie.,
n € H- N (K — K). Keeping this example in mind, next we go through the formal

theory.

Lemma 2.1.2 Suppose H is an admissible lattice and K a precompact subset of G.
Then there is a decomposition of K into finitely many subsets K, with the following

properties:

i) The sets K, are mutually disjoint for j =1,...,J, k=0,...,n; —1 and

it) There are 77,(3”“) e H-, j=1,....J; k,n = 0,...,n; — 1 such that for n €
HY (K +n)NK #0 if and only if n € {0 =", ... ,ng’ﬁ)l} = ]\A/f(j,k). If
(k) # (5", k'), then My # M xe).-

iii) With the n(()j’k) as in ii), one has Kjj, = Kjo+ n,ij’o), i.e., for fized j, the sets

K1 are translates of K.

Proof. For ¢ € K, define M; to be the set (H+\{0}) N (K — &) which is
contained in H+N (K — K) where K — K = Ugere (] —§). Since K — K is contained
in the compact set K — K, by Lemma 2.3 in [7] H- N (K — K) is a finite set. Thus,
we let Mg = {m,...,Nm—1} where £ € K and m — 1 represents the cardinality of

the set M. Since the finite set H- N (K — K) has only finitely many subsets, as
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¢ runs through K, M, will assume only finitely many values, say M;,..., M. The
relation £ = ¢ & Mg = My gives an equivalence relation on K induced by the

subgroup H. The equivalence classes are
Kl:{éeK:Mgle},lzl,...,L. (22)

The sets K; are mutually disjoint and K = UZL:1 K. Furthermore, each K; consists of
the points ¢ for which £+n € K ifn € M;U{0}, and £ +n & K if n € H\(M;U{0}).

To facilitate the notation, we let
1 !
My={", . ), =1L (2.3)

be the values assumed by (H*+ \ {0}) N (K — &) as & runs through K, and let
M, = M, U {0} = {0 = n((]l),...,nf,?ﬁl}. We have that (K; +17) C K if n € M,
and (K, +n) N K = 0 for n € H-\M,. Hence, for each 1 € M, there must be an
"€ {1,...,L} such that Ky = K; + 1, and ]\Z/ = ]\Afl —n. It follows that we can
define an equivalence relation on the set of indices {1,..., L} by letting { = !’ if and
only if there is n € JV[Z such that Ky = K; + 7. Let J be the number of equivalence
classes for the set S = {1,..., L} where 1 < J < L. Assume that each equivalence
class S; for j = 1,...,J contains n; elements. We rearrange the sets K; so that the

sets which belong to the same equivalence class are grouped together. This gives

Klu"'aKL:-f(ly‘”aKnlla \I(n1+17"'7Kn1+n247”‘7 Kn1+---+n‘],1+17"'7Kn1+---+nJ'

-
-~ -~

j=1 j=2 7=J

Note that for each j € {1,...,J},
=0 ni)+1+k  k=0,...,n—1 (2.4)

We can describe this arrangement by a double index (j, k), where j identifies the

equivalence class and k is as in (2.4). Thus using this correspondence between [
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and (j, k), we write K, for Kj, nq(zj’k) for m(f) and ]\N/[(j,k) = {0 = n(()j’k),...,ng’f)l
for M, = {0 = n(()l), . ,777(72_1}. Furthermore, one can order the sets K in each
equivalence class in such a way that K, = K +77,(€j’0) and ]\A/[/]k = ]\7]-70 - 77]9’0)’ j =
L...,J, k=0,...,n; —1. O

To clarify the abstract notation, we continue by giving an example in one

dimension.

Example 2.1.3 : Let G =T=R/Z G=2Z,H={j/N:j=0,...,N — 1} with
addition modulo 1 where N > 5 is a positive integer. It follows that H+ = NZ.
Let K ={—P,...,N + P} where P < % — 1 is a positive integer. Then for £ € K,
we have
(H\{0}) N (K — K) = {~N, N}

It follows that K, K5, and K3 are the sets {P +1,...,N — P —1},{-P,..., P},
and {N — P,..., N + P} respectively. Hence, L = 3 and M, for [ = 1,2 and 3 is
respectively {0}, {N}, and {—N}. The equivalence relation on the set of indices

gives the double indices as follows:
Sy ={1} with "Y' =0
Sy ={2,3} with 7*” =N and n§2’1) =—N.
Furthermore, the compact sets can be reindexed and defined as
Ky =Ko, Ky=Kyy and K3= Ky,

where

Koy = Koo+ 7790)‘

The following theorem tells what can be said about f if the function vanishes
on an admissible lattice H but the translated sets K +n, n € H* are not necessarily

disjoint.
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Theorem 2.1.4 : Suppose H is an admissible lattice and R a fundamental do-
main of H. Assume that f € Ly(G) is continuous, f vanishes on H, and that
f vanishes almost everywhere outside a precompact set K C G. Let K be the
sets of the decomposition of K according to Lemma 2.1.2. Then there exist contin-
uous functions hjy, € Lo(G) with /ﬁjﬁk vanishing almost everywhere outside Kjy, for
j=1...,J, k=1,...,n; —1 such that

J njfl

Z S hn(€) = hys(€ +nPY) (2.5)

k=1

for almost every & € G and

J n]-—l

Z () (1 — 6_2m<x,n§j’°)>) (2.6)

j=1 k=1

for almost every x € G.

Note that if K +n, n € H* are disjoint, then J =1, n; = 1 so (2.6) reads f(z) =
which is consistent with the classical sampling theorem.
Proof. Let hjr € Lo(G) be a continuous function such that ﬁjvk(f) =

Xk, (&) f(&) for j=1,...,Jand k =0,...,n; — 1. Then

J TLj—l

=" &) ae (2.7)

j=1 k=0

Since f € Li(G) and [ 1f ()2 dmy(y) = 0 by hypothesis, the Poisson summation

formula (1.25) can be applied. Thus, we have

Zf(€+?7)=

neHL yEH

)e mWE  ge (2.8)

where (2.8) converges in Ly(G/H"). Since f vanishes on H, the right hand side of

(2.8) is equal to zero and hence for almost every & € K
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fle+n) =Y fe+n?”) =0 (2.9)

where n((]j’o) =0and j =1,...,J. Combining (2.7) and (2.9) gives

n;—1
hio(€) + > hi(€+n”) =0 (2.10)
k=1

for almost every { € Kjo. If £ ¢ K;o, then { + 77,(3’0) ¢ Kj, for fixed j and
k=1,...,n; — 1. Hence, (2.10) holds for almost every { € G. We solve for Ej,o in

(2.10) and substitute in (2.7) to get

J n;—1 n;—1
F&) =30 (= Y hane+ ) + D Wial©)
Jj=1 k=1 k=1
J TLj*lA R ‘
=D 0wl = hir(€+ ™) (2.11)
j=1 k=1

for almost every £ € G. The inverse Fourier transform of (2.11) gives (2.6). O

Corollary 2.1.5 : Assume that the hypotheses of the Theorem 2.1.4 holds except
the condition that f vanishes on H. Assume instead that f wvanishes on o + H,
where o € G.

Then there exist functions hj, € Lo(G) with Ej,k vanishing almost everywhere out-
side K, forj=1,...,J, k=1,...,n; — 1 such that

J njfl

F@) =30 hyala)(1 — e 2ritemen?™) (2.12)

j=1 k=1

for almost every x € G.

Proof. Define g(x) = f(z + «). Note that g vanishes almost everywhere

outside K and g vanishes on H. Thus Theorem 2.1.4 can be applied to g to give

7 —2mi(x (:0)
9(@) =D hyjr(x)(1 — e 2,
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Define hj(z) = Ejk(x — «). Then

This completes the proof. O
The following example treats a specific case which will be important for the

remainder of the chapter.

Example 2.1.6 : Assume H is an admissible lattice with R a fundamental domain
of H+. Suppose K’ is a nonempty precompact subset of R. Let K = RU (n; + K')

where n € H+ \ {0}. Then the decomposition of K yields
Ki=K'+n K=K and K3;=R\K'"
We obtain two equivalence classes:

K1,0:7]+K/, KI,IZK, and K270:R\K/.

Hence n; =2, ny =1 and 7751’0) = —n. Equation (2.12) implies that

f(x) = h(x)(1 — 2mile—am) (2.13)

with % vanishing almost everywhere outside K; 1 = K.

In Theorem 2.1.4, K was an arbitrary precompact subset of G. For the re-
mainder of this section, we consider K to be a union of shifted copies of fundamental
domain of different H+s. We will treat this formulation here in detail and use it

thereafter.
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Definition 2.1.7 : Suppose that Hq,..., Hy are admissible lattices and R; a
fundamental domain of HZ-L for each i such that Ry C ... C Ry. If K1 = Ry, and
fory=1,...,.N—1
i) Kjo1 = Rj U (41 + K;) with ;0 € Hjp, \ {0}, and
ii) K; C Rjt1,
then K = Ky is called an admissible subset of G with respect to the subgroups
Hy,...,Hy.

Note that this gives
Kj=R;jU(m+ Ria)U((n; +n51) + Bio) U U((ny + -+ 1) + Ba) (2.14)

where j =1,..., N.

2.1.1. UNIQUENESS

In the next theorem, we prove the uniqueness for generalized sampling the-

orem with nonperiodic sampling sets. We also give an example in R?.

Theorem 2.1.8 : Suppose that Hy, ..., Hy are admissible lattices and R; a funda-
mental domain of Hi- for each i such that Ry C ... C Ry. Assume that f € Ly(G)
s continuous and vanishes on S; = x; + H; fori=1,..., N, where x; € G. Assume
that f vanishes almost everywhere outside an admissible subset K of@ with respect
to the subgroups Hy,...,Hy. If (z —xj,n;) # 0 for z € Uf;ll S; where 1 < j < N,

then f vanishes almost everywhere on G.

Proof. The proof is by induction on N. If N =1 | then K = Ry = K;. Since
f vanishes on a coset of H; and supp(f) C Ry, by the standard sampling theorem
f vanishes on G. For N > 1, assume that the theorem holds with N replaced by

N — 1. Now Hpy is an admissible lattice and Ry a fundamental domain of H ]%,
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Furthermore, Ky_; is a nonempty subset of G such that K = Ry U (ny + Kn-1).
Since Ky_1; C Ry by Example 2.1.6 and Corollary 2.1.5, there exists a function

hn € Lo(G) with EN vanishing almost everywhere outside Ky _; such that
f(z) =hy(z)(1 — eQm(x_xN’"m). (2.15)

Let Sy = UN,'Si. If 2 € Sy, then z € S; for some i = 1,...,N — 1. Thus,
by the hypothesis, 0 = f(2) = hy(2)(1 — e2™=2808))  Since (2 — zn, Nn) #
0, hn(2) =0 VzeS; i=1,...,N—1. Now hy € Ly(G) vanishes on S; = z;+ H;
for i = 1,...,N — 1 where z; € G and (z — z;,7;) # 0 for z € [J/Z] S; where
1 < j < N —1. Furthermore, EN vanishes almost everywhere outside K_;. Thus,
hy satisfies the hypotheses of the theorem with N replaced by N — 1. Hence, by
the induction hypothesis hy () vanishes almost everywhere on G. Following (2.15),
f vanishes almost everywhere on G. [

We continue by giving an example on the group G' = R

Example 2.1.9 : Let G = R?, and let H;, H, and Hs be closed subgroups of G

generated by the matrices W;, i = 1,2, 3 where

T; 0
M/i —=
0 d;

with r;, d; € IRT. Furthermore, assume that ds < dy < dy and r3 < ry < r; such

. Let R; to be a fundamental domain of H; for i = 1,2,3. Hence

1 1 1

RZ‘:{(VZ‘,O'Z‘)GIRXIRIOSO'Z‘<]_/CZZ‘, OSVi<1/Ti} (216)

for each 7. It follows that Ry C Ry C R3. Let

(7)) () )
K = R3U +Ry | U + R |. (2.17)
0 1/d,
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Qa;
Suppose f € Ly(IR?) is continuous and vanishes on S; = {( + H; i =
Bi

1,2 and Hsz. Assume that f vanishes almost everywhere outside K. Suppose

S =) ()
Z, # 0 for z € S;;1 = 1,2, and ( 2z — , # 0 for
1/dy B2 1/dy

1/7“3 0
z € S1. Note that here n3 = and 1y = . Following Theorem 2.1.8,
0 1/d,
0
Ky = Ry U + Ry | and Ky = R;. Since Ky C Rj3, f vanishes almost
1/dy
everywhere on GG by Theorem 2.1.8. Note that K1 = R; C Rs.
1/ds
Rg L R3
1/dy
Ry K
1/dy
Ry

1/7"1 1/7"2 1/7°3

|
K R3 |773+772+R1

FIGURE 2.2. K = RsU(n3+ Ry)U((n3+n2) + Ry)
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2.1.2. RECONSTRUCTION

In the next Theorem, we consider the following: Let f be defined on an ELCA
group G such that fvanishes almost everywhere outside an admissible subset K of G
with respect to H+. Using the classical sampling theorem, we find a reconstructed
version of f, say Sy f, such that f and Sy f are equal on the coset of H. Now
applying the Theorem 2.1.4 to the difference g = f — Sy f, we can find a function
h with h vanishing outside Ky_;. By repeating this procedure with the knowledge
of f on a finite union of cosets of different subgroups of GG, one can reconstruct f

recursively.

Remark 2.1.10 : Assume that H is an admissible lattice with R a fundamental

domain of H+. Then R+ are disjoint for n € H* since R is a fundamental domain

~

of H+. If f € Ly(G) is continuous and supp(f) C R, then

Ry f(€+ HY) =mg(R) Y f(&+n)

neH+

mg(R) f(). (2.18)

To be more specific on Sy f and its properties, we need the following technical

lemmas.

Lemma 2.1.11 Assume that H is an admissible lattice and R a fundamental do-
main of H-. Let f € Lo(G) be continuous so that f vanishes almost everywhere
outside K where K is a precompact subset of(A}’. Assume that there exist P € IN such
that K C Uf;ol (R+m;) where n; are distinct elements of H+. If F is the restriction
of f to the subgroup H, then F' € Lo(H) and as an operator, this restriction is

continuous.

Proof. If P =1, then K is contained in R. Thus, it suffices to show that F

is the inverse Fourier transform of a function in Ly(G/H*). Then by the Plancherel
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theorem the result will follow. By (1.24), F' is the inverse Fourier transform of

RHJ_]?. Furthermore,
/A Ry U+ HY)[2 ding . (€ + HY)
G/H*
— (ma(R))? / )P dmg, . (€ + HY) = ma(R) / ) 7€) dmg (€)
G/HL a

where the first equality follows from Remark 2.1.10 and the second one follows from
the Lemma 1.2.15. The right hand side is finite since f € LQ(CA}’). The continuity
follows from Lemma 1.2.9.

If P > 1, then we let f; € Ly(G) be continuous functions such that ﬁ(f) =

XRer(g)J?(E), 1=20,...,P—1 where K = Uf:_ol R+ n;. Then

b

F&) =" Fio). (2.19)

)

Il
=)

But for each function f;, P = 1 and the above argument applies to show that the
restriction of each f; to the subgroup H is in Lo(H). Thus, F' € Ly(H).
To show the continuity of the restriction as an operator, we will show its bounded-

ness. Suppose

1f5lallo = _max | filull

.....

where 0 < 7 < P — 1. Since the functions f; are mutually orthogonal, we have

P-1 P-1
15 < DAl =11 £ills = 11£113 (2.20)
i=0 i=0
where Pythagoras lemma is used for the first equality. Hence
P-1 P-1
a3 =1 Y (Allls < QN2 < PPIfluls = PPmg(R)If115 - (2.21)
i=0 i=0

< P'mg(R)|Ifllz  (2:22)

where the last equality in (2.21) follows from Kluvanek’s Theorem 1.1.1 and (2.22)

follows from (2.20). O
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Lemma 2.1.12 Assume that H is an admissible lattice and R a fundamental do-

main of H-. Then fory € H

; A(R)7 f = O)’
)/C\R(y) _ /ReQm(y,f) dm@(ﬁ) _ { ZlG ny 7& O
, if y .

(2.23)

Proof. Since H is a lattice, CA}’/Hl is compact. Thus, Lemma 1.2.3 can be

applied. The proof is now complete by Lemma 1.2.15. O

To give a description of Sy f, assume that the hypotheses of Lemma 2.1.11

hold. Let F be the restriction of f to the subgroup H. It follows from Lemma 2.1.11

that F € Ly(H) = Ly(G/H?Y). Thus, for £ € G/H*,

ZF 727rz (y,£)

yeH

_Zf —27rzy§

yeH

Hence,

F =)= [ PO dmg €

= o J X OFQE 0 dmae)

where € € G/H* and (2.25) is true by Lemma 1.2.15.

Remark 2.1.13 : Define

1
mg(R)

Following (2.25), for all y € H, Sy f(y) = F(y) = f(y). Furthermore,

Suf(r) =

(Suf)"(&) =

where F' € Ly(H). Hence, (Syf)" € Ly(G).

(2.24)

(2.25)

(2.26)



33

Upon substitution of F from (2.24) into (2.26), we get,

S (@) = m—c [ xl®) (X £ 09) = imge

yeH

3
o)

3

- él(R) > f (y)< /@ xXr(§) e%i@—y@dm@(@) (2.27)

yeH

> F@)Ra(—(z —y). (2.28)

yeH

3

a(R)

We note that F' has compact support and hence is in Ll(ﬁ] ). The interchange of
integration and summation in (2.27) is based on convergence in L;(H) of the sum
n (2.24) and on the fact that the bounded function €>®*< does not violate this
convergence.

The following theorem gives a reconstruction formula for the case of nonpe-

riodic sampling with two different subgroups.

Theorem 2.1.14 : Assume that Hy and Hy are two admissible lattices with R; a
fundamental domain of H;i- for each i such that Ry C Ry. Assume that K is an
admissible subset ofCA}’ with respect to Hy and Hs, i.e., K = Ry U (2 + Ry), where
me € Hi-\ {0}. Let f € Ly(G) be continuous so that f vanishes almost everywhere
outside K. Let S; = x1 + Hy with x1 € G be so that for all z € Sy, (z,m) # 0.

Then for almost every x € G

2m (x,m2) f x + y SHQf(Il + y) R
f(x> mG Rl Z ]_ _ 627T’L(:131+y 772> XRI(_(x — T — y))
5] (”’) (2.29)

where
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Proof. Let g = f — Sy, f where Sy, f is defined by (2.28). Then supp(g) C

supp(f) U supp(Su,f)" = KU Ry = K and ¢ vanishes on H, following Remark

2.1.13. Note that g € Ly(G) since (Su,f)" € Ly(G). Since K = Ry U (1o + Ry)

and Ry C R, following Theorem 2.1.4 and Example 2.1.6, there exists a continuous

function h € Ly(G) with h vanishing almost everywhere outside R; such that

g(x) = h(x)(1 — 2mil@m)) a.e.

It follows from (2.30) that for all z € S;

g(z1 +y)
1 — e27ri(:v1+y,772> :

h(z: +y) =

Using the classical sampling theorem, Theorem 1.1.1, we have

D b+ y)Xe, (—(@ — 21 — y))

yeH

S IBEY ooy

- ma(Ry) L1 — ermilnctum)
1

h(z) = 7%2 =
1

f(xl +y) _SH2f(I1 +y)/\

- ma(R 1 — e2mi{z1+y,m2)
a(f) &

It follows that

f(x) = g(x) + S, f(x)

_ h(:z:)(l — eZmilem)y L Sy f(x)
e2mifz,n2) Z fxl—}-y SHQf(l'1+y)A

ma(Ry) 1 — e2miteitym)

yeH,

+SH2f( ) o.

Xy (=(z =21 = y)).

X (=(z =21 = y))

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

To compare the result of Theorem 2.1.14 with Theorem 1.1.3 by Faridani (see [7]),

we assume that the subgroups in the hypotheses of Theorem 2.1.14 are the same,

ie., H= Hy = Hy . We assert that in this case the two theorems give consistent

results. We need the following lemma.
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Lemma 2.1.15 Suppose H is an admissible lattice with R a fundamental domain

of H-. Forx,a € G andy,z € H

—(a+y=2)Xr(=(r —a—y)) = Xr(=(z = 2)). (2.35)

Proof. Let f(t) = Xa(—(a+t)). Then f € Ly(G) and supp(f) = R. Thus,

for ' = y — z Theorem 1.1.1 applies to give

(a+y—2)Xr(—(r —a—y))

R > FW)Re(—(x —a—z—1))

y'eH

fle—a-

Corollary 2.1.16 Assume that the hypotheses of Theorem 2.1.14 hold with the ad-

ditional condition that Hy = Hy = H. Then

+y) kp(r — 2, —y) (2.36)

n=0 yeH
with

xo =0, and x1 = a.

Here

ko(z — ) = B Re(—(2 — ) + B Rt r(— (@ — y))

ki(z —a—y) = BVRe(— (@ — a =) + BPXprr(—(x —a —y))

where ﬁ (2) = m and B(()l) = Bfl), [ = 1, 2.
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Proof. Following Theorem 2.1.14, we have

1 _ e2milzm) fla+y) = Sufla+y) Xr(—(x —a—1y))+ Suf(z)

flz) = mg(R) e 1 — e2milatym)
B m;(R) ;{ flat y)(Aﬁ_—(i;@g,;i]» * %(HR(—;%;&; )y))) (2.37)
(1 — e?ritema)) 1 N
= ) g 2 (it 2/t v = Mal—r—a )
+Suf(x)

where (2.37) follows because

e X tr(=( —a—y))
(1 _ 627TZ<05,772>)XR(_(x - — y)) = 6727T’L'<Ol,772> — 1

and the definition of Sy f(a + y) respectively. Using Lemma 2.1.15, (2.37) can be

written as
(1 62m(x n2)
_(]_ e2mi{a,n2) Zf 33'—2)) "—SHf(.CI?) (238)
zEH
1 an+R —(z—2))  Xr(—(z—2))
mea (R) ZHf — e2mila, nz)) - (1-— 627ri(a,772>)) + Su f(z)
zG
Zf an+R —(r - 2)) N Xe(—(z —2)) )
mG(R — e2mifay, 772)) (1 — e—?m'(a,ng)) :
Hence
Zf BOIRR(=(@ = 1) + BPRsrr(—(x — 1))
yEH
1 = o~
+ S Ha+ ) BURR(—(@ — a =) + B Rpar(—(z — a — y)))
ma(R) =
where
w__ @_ 1
0 1 — e—2mi{anz) 0 1 — e2mi{onns)
and
w__ 1 @ _ 1

I 1 — e2mi{a,n2) = 1 — e 2mi{ame)’
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This is consistent with the results of Theorem 1.1.3 by Faridani (see [7]) with N = 2
and K as above with the exception of the extra constant m in the above. This
constant is resulted from the fact that H is an admissible lattice and with the
normalization of the measures given in [7]. O

The following example illustrates a case where nonperiodic sampling is pre-

ferred over periodic sampling because of higher efficiency.

Example 2.1.17 : Suppose that G =R, H; = NZ, and Hy = (N/(N —1))Z for
1< N €Z. Then G =R, H{- =1/NZ, and H} = (N — 1)/N)Z. Furthermore,
Ry and Ry can be chosen to be [0,1/N) and [0, ((N — 1)/N)) respectively. Hence
Ry C Ry. Wehave K1 = Ry C Ryand Ky = K = RoU(ne+Ry) = [0, (N—1)/N))U
(N —1)/N,1) = [0,1) where o = (N — 1)/N. Let S1 = a+ H; with o € IR so
that (« + Hy) N Hy = (). Now if f € Ly(IR) is continuous and f vanishing almost

everywhere outside K, then we can find an explicit reconstruction formula.

¢2riv/NY fla+ NI) — Sy, f(a+ NI)
fle) = / IGZZ 1 — e2mi(a+NI)/N Xpoa/m(=(z —a—=1)) (2.39)
+SH2f(‘r)
where
_ Jmio/ny SI((27/N) (@ — (NK/(N —1))))
i) = g 2 OV = e L T

(2.40)

and

(e (mi/N)(z—a— Nz))SIH((QW/N)(fL’ —a—NI))
m(x —a— NI)

X,/ (—(z —a—=1)) =

Note that Example 2.1.21 can use the theory for periodic sampling with H = NZ.
However, as N gets larger, the number of sampling cosets increases which in turn

creates a larger systems of equations in (1.5) to be solved.
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The result of Theorem 2.1.14 can be generalized to N subgroups. The proof

is by induction.

Theorem 2.1.18 : Suppose that H;, i = 1,..., N are admissible lattices with R; as
a fundamental domain of Hi- for eachi such that Ry C ... C Ry. Assume that K is
an admissible subset of@ with respect to Hy, ..., Hy and K; as in Definition 2.1.7.
Let f € Lo(G) be continuous so that ]? vanishes outside almost everywhere K.
Assume that (z — xj,m;) # 0 for 2 € JZ} (x: + H;) and 1 < j < N. Then there
are continuous functions f; € Ly(G) such that supp(]?j) CK;,j=1,...,N and for

almost every v € G

fi(z) = Su, fi(z), (2.41)
fJ(ZE) — Sijj(l') = fj—l(x)(]- — 627ri<:tij,nj>) ] = 2, ey N, (242)
In=1f (2.43)
with
Sng(@) = —— 5" glai + YR~ — i —y), TG (244)
mG(RZ) yeH;

This recursion provides an algorithm to compute f from the sampled values f(z), z €

Uiil(xl + H;).

Proof. The proof is by induction on N. If N =1, then K = R; = K;.

~

Since supp(f) € K = Ry, by Theorem 1.1.1, f = Sy, f. For N > 1, assume

that the theorem holds with N replaced by N — 1. Let ¢ = f — Sg,f. Then

~

supp(9) C supp(f)Usupp(Su, f)* = KURy = K and g vanishes on Sy = xy+ Hy

~

following Remark 2.1.13. Furthermore, g € Lo(G) since (Su, )" € La(G). Since
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K = RyU (ny + Ky-1) and Ky_; C Ry following Example 2.1.6, there exists a

continuous function fy_1 € Lo(G) with supp(fN_l) C Kpn_q such that

9(x) = f(x) = Sy f(x) = fy-a(x)(1 — removmd), (2.45)

With fy = f, this gives the recursion formula for j = N. Now fy_; € Ly(G)
satisfies the hypothesis of the theorem with K and N replaced by Ky_; and N — 1
respectively. By the induction hypothesis, we assumed that the theorem holds for
N—1. Hence, we can apply the theorem to fy_; to find a recursion for j =1,..., N—
1. We note that fx_1(2), z € UN " (2 + H;) can be found from the sampled values
since fy_1(z) = % and (2 — zy,nn) # 0 for z € YN, (@ + H;). O

This is a description of the recursive algorithm.

Algorithm 2.1.19 If N =1 then f = Sy, f;

else do;
f(2)=Sup f(2) .

compute sampled values of g(z) = T T

for z € UjV:_ll(x] + H));
Call algorithm with N, f replaced by N — 1,g, to compute g(x), x € G;
f=1-emile—enandg 4 Gy
end;

end;
We consider the case N = 3 and give an example for this case as well.

Corollary 2.1.20 Suppose that Hy, Hy, H3 are admissible lattices with R; as a fun-
damental domain of H;- for each i such that Ry C Ry C R3. Let K be an admissible
subset of@ with respect to H;, i = 1,2,3. Let f € Ly(G) be so that f vanishes
almost everywhere outside K. Assume that (z — xj,m;) # 0 for z € Uf;ll(:lrl + H;)

and j = 2,3. Then for every x € G
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flx) = (1= memsaml) [(1 — e 27 @2 f, (1) + Sp, fo(2)] + St f () (2.46)

where fo, fi and Sy, fi, 1 = 2,3 are given respectively as follows:

f(x) = Suy [ ()

fol) = T (2.47)
) = s S N ZSBntg (oa o
yeEH,
Su.filx) = @ S fiwi+ )R (@ — 7 — 9) (2.49)
v yeH

where x € (x1 + Hy) U (z2 + Hy) and f3= f.

We note that in above K = R3 U (3 + R2) U ((n3 + n2) + Ry) with K7 = R; and
KQ = R2 U (7]2 + Rl) where K1 Q RQ and Kg Q Rg.

Example 2.1.21 : Let G = Zy5, Hy = (9), Hy = (6), Hy = (3). Then
G={j/18 : j =0,...,17}, H = (1/9), H} = (1/6), H+ = (1/3) with ad-
dition modulo 1. Thus, we can let R; = (1/18){0,1}, Ry = (1/18){0, 1,2}, Rs =
(1/18){0,1,2,3,4,5} where n, = 1/9, n, = 1/6 and n3 = 1/3. It follows
that Ry C Ry C Rs. Furthermore, K1 = Ry, K, = (1/18){0,1,2,3,4} and
K = K3 = (1/18){0,...,10}. Hence, K; = Ry C Ry and Ky C R3. In order to
satisfy the hypotheses of the Corollary 2.1.20, we choose 1 = 1, x5 = 5 and z3 = 0.
Now the support of the Fourier transform of the function f(I) = 2+2(—1)" cos(wl/9)
is in K. Thus, Corollary 2.1.20 applies. A program written in Matlab shows that

the relative error between f and the reconstructed version of f is 5.4886e-15.
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3. GENERALIZED FILTER BANKS

In this chapter, we generalize the notion of filters, upsampling and downsam-
pling in the framework of LCA groups. We derive their properties. With appropri-
ate choice of G, we show consistency between our generality and their counterparts
in signal processing context. In § 3.2, we derive the conditions for perfect recon-
struction in a generalized form. These conditions are used to show that they have
consistent results with nonperiodic sampling and multisensor deconvolutuion.

Holschneider in [16] has a similar argument in Wavelet theory where he de-
fines a sampling space V' C Lqo(G) over Abelian groups and what he calls a perfect

sampling operator (cf. [16, pp. 373-377]).

3.1. FILTERS, UPSAMPLING AND DOWNSAMPLING FOR LCA
GROUPS

In the following, let G be an LCA group, and H an admissible lattice with R
a fundamental domain of H*. For a € G, let 7, be the translation operator defined
by 7.f = f(x — a). Furthermore, the Fourier transform of the delay is

-~

(raf)"(€) = F(E)e M0 (3.1)

WithaGGandﬁeé.
Below we define a filter to be the bounded linear transformation where we
abuse the notation by letting the letter M denote both the operator M : Ly(G) —

Ly(G) and the corresponding function M (7).

Definition 3.1.1 : Let f € Ly(G). A filter M is a linear translation-invariant
operator such that its action on f in the Fourier domain takes the following form.

— ~

(Mf)(E) = M(€) f(£) (3.2)
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where M is an clement of Loo(G) and € € G.
Throughout this chapter, we assume that K is a precompact subset of G

such that K C |J/,' (R +n;) where ;s are distinct elements of H- and P € IN.

Definition 3.1.2 Downsampling and upsampling: Suppose H is an admissible lat-
tice and R a fundamental domain of H+. Let the space of admissible functions be

denoted by

-~

A={f € Ly(G): f is continuous and f(§) vanishes almost everywhere outside K'}

(3.3)

If f € A, then by Lemma 2.1.11 the restriction of f to H is in Ly(H). We define
the downsampling operator (| H)f : Lo(G) — Lo(H) by the restriction of f to H.
That is

(LH)f = fla. (3.4)

By Lemma 2.1.11, (| H) is a continuous linear operator from Ly(G) — Lo(H). For
g € A, define the upsampling operator (1 H)g : Lo(H) — Lo(G) to be the adjoint
of the downsampling operator. That is, for g € Lo(H), (1 H)g = (| H)*g. Hence,
for x € G, we have
(T H)g(z) =Y g(y) Xx(—(z —y)). (3.5)
yeH
In the following the unit impulse ¢ is defined as follows:
{ 1, ifn=0;
d(n) =
0, n#0.
Example 3.1.3 : Let G=27Z, H =2Z. Then G =T ~ [0,1), and H* = {0,1/2}.
It follows that H is an admissible lattice with R = [0,1/2). Let f,g € Lo(Z) be
so that g, f vanish outside K = G. We write (1 2), (12 for (] H) and (T H)
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respectively. Then (| 2)f(n) = f(2n) for n € Z. This result is identical with (3.2)
of [24, pp. 88-89]. Furthermore,

=> 9(y) Xx(—(n—y))

yeH
= g(20) Xk (—(n — 21)) (3.6)
leZ
g(2l), if n=2;
= (3.7)
0, if n=20+1.

If we define a function g on Z by g(1) = g(21), we see that this result is identical with
(3.5) of [24, pp. 88-89]. In the Example 3.1.3, H could be chosen to be MZ where
M is a positive integer. This gives the upsampling and downsampling as it is defined
in the signal processing literature. Thus, the general definition of upsampling and
downsampling used here contains the one found in the literature.

In this chapter, we use Fg and Fpgy to represent the Fourier transform with
respect to G and H respectively. However, to simplify the notation, we will use A

for both F¢ and Fpy as long as the distinction is possible from the context.

Lemma 3.1.4 : Suppose H is an admissible lattice and R a fundamental domain
of H-. If g € A, then the Fourier transform of (| H)g with respect to H is given
by
(L H)g)"(§+ HY) =mg(R) > G(&+n) (3.8)
neH -
with € € G.
Proof. Since Theorem 1.2.17 holds, we have

Fu((L H)g) €+ HY) =3 gly) e 2708

yeH

=mg(R) > Fog(é+n). O

neH+
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Lemma 3.1.5 : Suppose H is an admissible lattice. If g € A, then the Fourier

transform of (1 H)g with respect to G is given by
(1 H)g)"(&) = xx (&) g€+ HT) (3.9)
where £ € G.

Proof. For ¢ € CA}’, we have

Fa((1 H)g)(€) = Fa' Y oly) )

yeH
=xx(§) _ gly) e>wo (3.10)
yeH
Z q(y 727” (y, §+HL> (311)
yeH
= xx (&) Fug(§ + HY)

where the transition from (3.10) to (3.11) uses (y, &) = (y, E+HY) withy € G, € € G
on the left-hand side, and y € H, £ + H+ € H on the right-hand side. 0O
The combined operation of downsampling followed by upsampling is used

frequently.

Lemma 3.1.6 : Suppose H is an admissible lattice and R a fundamental domain
of H-. If g € A, then the Fourier transform of (1 H)(| H)g with respect to G is
given by
(1 H)(L H)g)"(€) = mg(R) xx(€) Y (& +n) (3.12)
neH+
with € € G.
Proof. Substitute (3.8) into (3.9). D

Example 3.1.7 : Let G = Z, H = NZ where N > 1 is a positive integer. Then
G=T,H*={j/N:j=0,...,N—1} with addition modulo 1. Hence H is an
admissible lattice with R = [0,1/N). Let g € Ly(Z). Then by (3.8), we have
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=2

3G+ i), (313)

J

(L H)g) &+ H") =

Il
=)

Let v = (| H)g. Then by (3.9), we have

(1 H)v) (&) = B(¢+ H)
_ Z v(y) e 2y EHI)

yeNZ

=) w(y)e VO (3.14)

yeNZ
where (3.14) follows since (y, £+ HY) = (y, £) = NIE. Now, let 9(1) = v(NI),l € Z.
Then becomes (3.14)
> o) e N = Fo 5(N¢).

lez
This agrees with formula (3.24) in “Wavelets and Filter Banks” by G. Strang and

T. Nguyen [24].

3.2. RECONSTRUCTION

In this section, we present the reconstruction theorem. This theorem agrees
with the perfect reconstruction theorem found in signal analysis literature provided
G and H are chosen appropriately. Throughout the following section, we assume
that H is an admissible lattice with R a fundamental domain of H+. We define a

generalized analysis-synthesis filter bank as follows.
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- M (%) | H | H Fo ©)
9
~ My | H | H Fy®
M ® | H I Fos® %Dg

FIGURE 3.1. Generalized form of an N-channel filter bank

Definition 3.2.1 Assume that g € A. Assume that M; and F; for j =0,....,N —1

are filters. The output of a generalized analysis-synthesis filter banks pair is given

by

=

Sg(x) =Y (F;(1 H)(| H)M;g)(x). (3.15)

J

Il
=)

In the following 01 (n) =1 if n =0 and dy.(n) = 0 otherwise.

Theorem 3.2.2 : Suppose H is an admissible lattice and R a fundamental domain
of H-. Let g € A. Suppose D is a filter and M;, F; for j =0,..,N — 1 are filters

in analysis and synthesis banks respectively. If

=2

-1

ma(R) xx(§) ) Fj(§) My (§+n) = dur(n) D() (3.16)

[
Il
o

wz’thfeaandnE]\N/[g:{neHL:f—l—nEK}, then

(S9)(x) = (Dg)(x) (3.17)
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forx e@.
Proof. For £ € G and n € H*, the Fourier transform of the output of the

jth-channel with respect to G is

Fa (Fy(1 H)(L H)M;g)(€) = Fy(&) Fe (1 H)(| H)M;g)(€) (3.18)
= B©(xx©ma(R) 3 Fo(Mg)¢+m))  (3.19)
= F(©) (x(©) ma(R) 3 M€ +mG(E+m) (320

where (3.19) follows from Lemma 3.1.6, (3.18) and (3.20) resulted from Defini-
tion (3.1.1). For an N-channel filter bank, total output is summed over j =

0,...,N — 1. Thus using (3.20), we have

(S9)"(6) = __ FH(&) xicl€) ma(R) S My(¢ +m) (€ + )]
= Y (ma® @) X [E:€) Mie +m)] )ate + m)
=0+ (n) D(§) 9(§ + ) (3.21)
= F (Dg)(©)

where (3.21) follows from (3.16) and the fact that g(§ +n) = 0 for n ¢ ]\A/fg a0

To see if the condition in Theorem 3.2.2 agrees with the perfect reconstruction
condition found in literature, we recall that perfect reconstruction of an input signal
is the same signal possibly with a shift of the input signal. Thus, D in the above is
the shift of the function ¢g. Thus, we compare the conditions in Theorem 3.2.2 with

the perfect reconstruction conditions found in [24]. We need the following definition.

Definition 3.2.3 : The z-transform of a sequence x(n) is defined as

X(z)= Z x(n)z™". (3.22)

n=—oo

If the summation does not converge for any z € C, the z-transform does not exist.
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Example 3.2.4 : Let G = Z, H = NZ where N > 1 is a positive integer. Then
G=T,H"={j/N:j=0,...,N — 1} with addition modulo 1. Hence H is an
admissible lattice with R = [0,1/N). Let K = G and hence M, = H*. Let D be

the shift of the function g by 1, i.e., (Dg)"(§) = g(&)e~ ™!, Using (3.16), we have

=

1
N

J

Let n = k/N, k € {0,..., N — 1} where dy.(n) =1 for k =0 and dy.(n) = 0 for

Fj(€) Mj(§ +n) = 61 (n) e 27 (3.23)

I\
=)

k=1,...,N — 1. Then replacing e*™* with z, (3.23) becomes

27t if k= 0;
27‘(’Lk‘/N) (324)
0, otherwise.

MZ

7=0

Let W = e?™)/N then (3.24) becomes

1 ML 27 if k=0
~ 2 File) Mj(=W*) =
N =0 0, otherwise.
That is
=
v 2 Fi() M(2) = 27
7=0
N-1

% Fi(2) Mj(zW*) =0, k=1,.,N—1.

=0

These are the perfect reconstruction conditions for N channels given in [24, p. 112].
In the setting of LCA groups, the conditions in Theorem 3.2.2 produce con-

sistent results with Theorem 1.1.3 by Faridani (cf. [7]). We gave a simplified version

of the sampling theorem for nonperiodic sampling by Faridani in the introduction.

However, we give the full version of this theorem here.

Theorem 3.2.5 Assume that f € Li1(G) is continuous, every functiony — f(x+y)
belongs to Ly1(H), and that f wvanishes outside a compact set K C G. Let M, =

{nfl),...,ngﬁl}, l=1,...,L be the values assumed by Mg = {n € H-\ {0} : £ €
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n+ K} as & runs through K. Let xk, be the indicator function of K; = {§ € K :
M = M;}. Assume xo+H,...,xn_1+H € G/H are such that for | =1,...,L the

systems of equations

N—-1
gy =1
n=0
N—-1 W
Z ﬁg)ezmqn,nj 7 =0, j=1,....m—1 (3.25)
n=0

admit solutions Y, n = 0,...,N —1. Let F € Ly(G) with supp(F) C K, and
define

2

-1

L
(S S B0y (€ / F(n 4+ y)e T Ay (y) (3.26)

=1

3
Il
=)

and Sf(x) = [4(S)NE)e*™<">dmy(€). Then

F©)f&) = (SHNE)  foréed (3.27)
and
P+ f(a) = S1() NZ | bl = 2, = y)dma(y) (3.28)
with :
2) = lil@(j)F * Xie, (2)- (3.29)

Remark 3.2.6 : Following (3.15) and applying the Poisson summation formula
(1.25), a formulation of the output of a generalized filter bank in the Fourier domain

can be written as

N—

[y

[Fn( ()3 Mugly)e 2w, (3.30)

=0 yeH

3
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In periodic sampling the input is g(z, + y), y € H. This can be viewed as (|
H)M,g(y) if M,g(z) = gz, + 2), ie., (M,g) (&) = §(€)e*™ @8 following (3.1).
The reconstruction condition for a generalized filter bank in Theorem 3.2.2 then

requires that the filters Fiy to satisfy

N-1

ma(R)Xk(€) Y [Fo(€)e*™ 4] = 54y, () F(€) (3.31)

n=0
for all n such that E+n e K,ie., ne ]\A/.é Then the reconstruction function is F'xg.

~

Since supp(F') C K, 3.31 is equivalent to

me(R) Y " [Fo(€)eX™@nsm] = 6,1 () F(€) (3.32)

n=0
for all n € ]\A/fg Using (3.26) of Theorem 3.2.5 by A. Faridani, the reconstructed

function Sg satisfies

(59)€) = P(©) 3" 3 B0xur(€) = 3 gl + et

mg(R) &

L
> BN (e Y gl +y)e 0 (3.33)

n=0 [=1 yeH
Comparison of (3.32) and (3.33), reveals that Sg can be viewed as output of a

synthesis filter bank with the choice of filters

)

L

B g (§)e2mient), (3.34)
=1

)= i

Now upon replacing (3.34) into (3.32), We get

L
D BN (e ) = by (wi)

for ¢ € K and n such that £ +n € K. If &inKj, thenn =0or n = n,(gl). This gives

the equations
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N-1

3 gttt 2o

n=0

for k =1,...,m;—1. These are the system of equations (3.25) given in Theorem 3.2.5
by A. Faridani (cf. [7]).

The theory presented here is abstract and will ultimately be useful if it leads
to a better understanding of concrete applications. Thus, one goal is to see that our
results are sufficiently general to cover different areas related to signal processing.
One such area is known as “multi-sensor deconvolution problem”. We will give
a short description here; see “System of Convolution Equations, Deconvolution,
Shannon Sampling, and the Wavelet and Gabor Transforms” by S. Casey and D.
Walnut [3] and references given there. Suppose that a signal or image, g, is detected
via a bank of k linear, translation invariant sensors with impulse responses {1}~
i.e., s(t) = g u(t) where the vector u contains pu;, ¢ = 0,...,k — 1. Hence, the
signal ¢ is changed into a vector of data s = (s, ..., Sg_1) where s; = g * u; for each
i. The multi-sensor deconvolution problem (MDP) states that given a collection of

compactly supported distributions such as {ui}f;(}, find a collection of compactly

supported distributions {v;}=1 such that

k—1
> pixv=4. (3.35)
1=0

Taking Fourier transforms in (3.35) gives,

S
—_

fi(§)m(€) = 1 (3.36)

Il
=)

where f1; and 7; can be viewed as band-limited functions. If (3.35) can be solved,

then perfect reconstruction is possible and hence,

k-1 k-1 k-1

E—1
Zsi*yi:Z(g*ui)*w:Zg*(,ui*yi):g*Zui*yi:g*(S:g.
i=0

1=0 =0 =0
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The following theorem is given by S. Casey and D. Walnut in [3, p. 560]. In the

sin(%t)

i

following, let d,7(t) = 6(t — nT) and let sincr(t) =
Theorem 3.2.7 Let g € Ly(IR) be so that g vanishes outside K = [Q2,Q] and
si(t) = g * (), i=0,...,k—1

Assume that associated with the set of convolvers {ui}f:_ol, there exists a set of de-

convolvers {v; 4 }¥= such that

k—1
> ik vig =1 (3.37)
=0

where ¥ is an arbitrary close approximation of the Dirac 6. If T < 1/2Q), then the

function g * 1 may be reconstructed from the sampled functions s; = u; * g,

[e.o]

Z SiOnT,
by
gE(t) = Tzk: ( i 5:(nT)dr) * (Sinﬁt) i ) (1) (3.38)

=1 n=—00

With suitable choices of filters in analysis and synthesis banks, we will show

that Theorem 3.2.2 and Theorem 3.2.7 have consistent results.

Remark 3.2.8 : Let G =R and H = TZ for some T € R. Then G =R, H- =
(1/T)Z and the a fundamental domain is R = [0,1/T). Let g € Lo(IR) be so that g
vanishes outside K = [—,Q]. In MDP, the input is u; * g(y), y € TZ, which can
viewed as output of an analysis filter banks with (| H)H,;g(y) if H;g(z) = p; * g(2).
The reconstruction condition for filters banks requires that the filters F; to satisfy

the condition

X e 1 () D_IF(OR(E +5/T)) = S (M(€) (3.39)
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for all j € Z such that £+ (5/T) € [—2,Q]. Then the reconstructed function is g*1.
The reconstruction formula for MDP can be viewed as an output of an synthesis

filter banks with the choice of filters

Fi(§) = Tviy () (3.40)
Substitution of (3.40) into (3.39) yields
X 1 (&) Q_T Vi (i€ +5/T)] = Oz (M (&) (3.41)
for £ € [-Q,Q] and j € Z such that £ + (j/T) € [-Q,Q]. This gives the equation

D0 () (€) = ¥(©).

I
=)

i

This is the condition (3.37) given in Theorem 3.2.7 by S. Casey and D. Walnut [3].
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