





The Mohr Diagram for Three-Dimensional Stress

In Section 8.5 we discuss determination of the surface
stress acting on planes that are parallel to £, The two-
dimensional stress components are parallel to the £, -
%3 plane. For the stresses in the other coordinate
planes, exactly the same properties of the Mohr circle
that are discussed in Section 8.5 apply. For planes
parallel to any of the principal axes 2, a two-dimen-
sional diagram of the %% plane is used, where
ks#i<jsk Thus (i, j, k) can take on the values
(1, 3, 2) (Figure 8.4.14), (1, 2, 3) {Figure 8.4.18), or
(2,3, 1) (Figure 8.4.1C). The general forms of the
equations analogous to Equations (8.38) and (8.41)
are
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where here 8y is positive, measured counterclockwise
about the %y axis from £; in the £;-%; plane (Figure
8.4.2A). When (4, j, k) = (1, 3, 2), we recover Equa-
tions (8.38) and (8.41).

To the main properties of a single Mohr circle
discussed in Section 8.3, we append the [ollowing
properties that apply to a Mohr diagram of three-
dimensional stress.

1) THE MOHR DIAGRAM

(iii) The three-dimensional stress plots on a Mohr dia-
gram as a set of three Mohr circles each of which is
a graph of the surface stress components on sets of
planes parallel to one of the principal axes (Figure
8.4.2). The three circles are defined by Equations
{8.4.2), with Equation (8.4.1), and each invelves cne
pair of the principal stresses. All the properties 1-6
discussed in Section 8.3 apply to each of these circles.

2} PRINCIPAL STRESSES

(iii) All three principal stresses plot on the o, axis.
Each principal stress plots at a point that is common
to two of the Mohr circles. If all the principal stresses
are unequal, there are no other commoen points
among the circles. Each of the principal stresses is at
the opposite end of a Mohr circle diameter from each
of the other two principal stresses, which is consistent
with the fact that the three principal stresses in phys-
ical space act on three mutually perpendicular sur-
faces (cf. property 3v in Section 8.3).

3) SURFACE STRESS AND THE
ORIENTATION OF PLANES

(vi}) Planes that are not parallel to one of the principal
axes have normals that do not lie in any of the prin-
cipal coordinate planes (Figure 8.4.34). The compo-
nents of the surface stress on all such planes must
plot on the Mohr diagram within the largest Mohr
circle and outside the two smaller circles in the area
shaded in Figure 8.4.28. The construction on the
Mohr diagram for determining the stress compenents
on such a plane is indicated in Figure 8.4.35, for
which the geometry in physical space is shown in
Figure 8.4.3A4. The complexity of such three-dimen-
sional problems is beyond the scope of this book, and
our interest is confined to problerms mvoelving planes
that parallel one of the principal axes.

4) CONJUGATE PLANES OF MAXIMUM
SHEAR STRESS

(i) The maximurn absolute values-of the shear stress
on any plane in three-dimensional space plot on the
§1-63 Mohr circle at 20, = +90° (Figure 8.4.44).
These stresses occur on a conjugate set of planes in
physical space that are paralle]l to % and that have
normals lying in the £;—%; plane at ff; = £45° from
2 (Figure 8.4.458}. Thus although each Mohr circle
individually has maximum absolute values of the
shear stress (Figure 8.4.2B), the maxima for the &~
&, and the &#-d3 Mohr circles are maxima only for
the particular set of planes that are parallel 1o %3 and
%y, respectively. The true maxima for planes of all
possible orientations cccur only at the maxima for
the §1—d3 Mohr circle (Figure 8.4.44).
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Xy X X,
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%a X
A B. C.

Figure 8.4.1 The pairs of principal coordinate axes for
the rhree Mohr circles in three-dimensional stress. The
axes must be oriented such that there is a clockwise
rotation from the positive axis parallel to the larger nor-
mal stress roward the positive axis parallel to the smaller
normal stress. This convention standardizes rhe change
between Mohr circle convention and rensor sign conven-
tion for the shear stress components.
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(continued) o,

Normal and -
shear stresses ~ T =y—
on the plane P 3 I

A. Physical space B. Mohr diagram

Figure 8.4.3 Moht diagram for sttess components on a plane of arbitrary ori-
entation in three dimensions. A. Physical space: The normal n to the plane P (not
shown) is defined by the angles & from %; and ¢ from #;. Counterclockwise
angles measured in the principal coordinate planes are positive when the coor-
dinate axes are viewed according to convention 1 in Section 8.5 (Figute 8.4.1).
The f is negative (elockwise} in both the £;—%; plane and the £,—%; plane; ¢ is
positive (counterclockwise) in bath the #1-#; plane and the £;—%3 plane. B. Mohr
diagram: The angles in past A are transferred to the Mohr diagram to derermine 3
the normal stress and shear stress acting on the plane P. Families of dashed curves

are arcs concentric with the two smaller Mohr circles.
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Figure 8.4.4 Planes of maximum shear stress in rhree dimensions. A. Mohr diagram showing
maximum absolure values of the shear stress. B. Diagram of physical space showing the conjugate
planes of maximum shear stress and their relaticnship to the principal stresses.
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stress components on that plane must be zero (03, =
673 = 0). The mattix of stress components must there-
fore include at least one row and, by symmerry of the
stress tensor {Equations 8.24), one column in which the
shear-stress components are zero.

ay 0 op
G=au=|0 & 0 (8.29)
gy 0 03

All the nonzero stress components are shown in Figure
8.124, and all except g55 = & lie in the x;—x3 plane.
Under these conditions, the surface stress on any plane
parallel to x; = £ 15 completely determined by the com-
ponents of the stress tensor that lie in rhe xy—x3 plane
(Figure 8.12B). Thus none of the stress components with
a 2 in the subscript affects the stress on the planes parallel
to £5. This fact justifies our use of a two-dimensional
analysis.

The matrix of componenrs for the most common
two-dimensional scress tensor is obrained simply by
eliminating from the matrix in Equation (8.29) all com-
penents having a 2 as one of the subscripts, leaving

6=y = [J“ G”:l (8.30)

Gi1 033

In order to derive the relarionship among the nor-
mal stress and sheac stress components and the orien-
tation of the plane on which they act, we pose the
following question: If we know the orientation of the
principal axes, and we know the values of the principal
stresses at a point, how can we derermine the compo-
nents of the surface stress thar act on a plane of ar-
bitrary orienration through that point? Consider the
infinitesimal cube (Figure 8.13A) centered on the origin
of the principal axes with faces parallel to the principal
planes. The plane P is parallel to £; buc is otherwise of
arbirrary crientation. Wich this geometry we can use a
two dimensional analysis to determine the surface stress
on P. The two dimensional stress tensor expressed in
principal coordinates (the first Equation 8.25) is ob-
tained from the first Equation (8.23) by deleting all stress
components that have a 2 as a subscript.

50
c=c?,l,=[‘” } (8.31)

0 (251

Figure 8.13B is the diagram of the stress components.
The following conventions, which we used in con-
structing Figure 8.13B, are crucial for establishing a
consistent relationship between the stress tensor com-
ponents and che values plotted on a2 Mohr diagram.
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D. Force components

C. Traction components

Figure 8.13 Geometry for derer-
mining the normal stress and shear
stress on a plane P of any given ori-
entation rhrough a poinr. A. The
plane P rhrough the principal co-
ordinate cube is parallel ro £, but
otherwise of arbitrary orientarion.
B. Two-dimensional view of the ge-
ometry in part A, showing the dis-
triburion of stress components. All
srress components and angles are
drawn as posirive in rhis diagram.
C. The triangular element shaded in
parr B, showing cnly those traction
componenrs rhat act on the exterior
of the element. D. Diagram of the
forces and force components de-
rived from rhe tracrion components
shown in part C.
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Convention 1. The general convention for orient-
ing any pair of coordinate axes requires that there is a
clockwise sense of rorarion from the positive coordinate
axis paralleling the greatest normal stress component to
the positive coordinate axis paralleling the least normal
stress component, regardless of whether, for example,
11 O Ga3 Is the largest. This convention fixes the direc-
tion from which we view the diagram and thereby elimi-
nates the ambiguity about whether a shear couple is
clockwise or counterclockwise. Thus the principal axes
are drawn such that the 90° rotation from positive %, to
positive 3 is a clockwise rotation.

Convention 2. The orientation of the plane P is
defined by the angle 8, between the positive £; axis and
n, where n is the vector of unit length that is rormal
to P. Positive angles are measured counterclockwise,
and we construct the diagram with a positive angle &;.
The subscript 2 on the angle &, indicates chat the angle
measures a rotation about the %; axis.

Convention 3. We draw the diagram with positive
stress tensor components, according to the geologic sign
convention. The normal stress and shear stress com-
ponents on P are drawn as positive stress tensor com-
ponents, considering that the vectors n and p (normal
and parallel, respectively, to the plane P) are positive
coordinate directions that coincide with the positive
directions of x; and #3 when &, = 0 (Figure 8.13B).

Note thar with this convention, the positive shear
stress component is automatically a counterclockwise
shear couple, regardless of the value of @. Thus on any
two perpendicular planes for which 85 differs by 90°,
counterclockwise shear couples are always positive.
This result conflicts with rhe stress tensor sign conven-
tion (Figure 8.11D, E), which dictates cthat shear couples
on perpendicular faces have equal values and opposite
shear senses. Thus unavoidably there are different shear
stress sign conventions for the Mohr circle and for the
stress tensor. The need to shift from one convention ta
the other when plotting or determining stress tensor
components on a Mohr circle is a commou source of
error.

We want to determine the normal and shear com-
ponents (¢,, d,) of the surface stress acting on P. To
this end, we isolate in Figure 8.13C the shaded triangular
element shown in Figure 8.13B, and we draw only rhose
traction components that represent the action of the
surrounding material on the triangle. Because the infin-
itesimal square in Figure 8.13B is in equilibrium, the
triangular element in Figure 8.13C must also be in equi-
librium, and we can determine the surface stress com-
poments on P by applying Newton’s first law, which
requires that the forces exerted on the triangular element
be balanced.

We convert the traction components into force
components by multiplying each traction by the area of
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the surface on which it acts (Figure 8.13D). Although
we are dealing with tractions in this derivarion, we will
persist in using the components and sign convention fot
the surface stresses, taking care to account for the ori-
entations of the tractions when we add or subtract the
forces. In this way, our analysis will give the appropriace
value for the surface stress on P. The areas of P and of
the sides of the triangular element normal to %) and £
are A, Ay, and Aj, respectively, so the forces acting on
the triangular element are

F,=0,A F,=0A F =6A F5 =3dA; (832

The force on A; can be resolved into a pair of com-
penents parallel to F, and to F,, which are the normal
and tangential forces, respecrively, on P (Figure 8.13D),
The same is true of the [orce on Aj3. Equilibrium of the
triangular element is maintained if all forces perpen-
dicular to P sum to zero and if all forces parallel to P
sum to zero. From Figure 8.13D, these conditions imply
that

Fn_Fl Cos 814F3 sin 92-‘_‘0 (8-33)
FS—F]_ sin 82+F3C0562=0

where forces acting in the same direction as F,, or F in
Figure 8.13D are added, and those acting in the opposite
direction are subtracted. Rearranging Equation (8.33)
to isolate F,, and F, on the left side, and subscituting
for the force components from Equation (8.32), we get

0,.A = 61A| cos 8 + G343 50 &, (8.34)

JSA = UAlAI sin 62 - 5314.3 <os 61
We can eliminate the area terms from these equations

by substituting the following relationships (Figure
8.13C)

A= Acos G Ay = Asint; (8.35)

into Equation (8.34) and dividing through by A. By these
manipulations, we express the force balance (Equations
8.33) stricely in terms of che stress components so that
they give the results we seek.

a,

It

n = 0y cos’fy + &3 5in? 8, (8.36)

o, = (&, — &3) sin 8; cos

Note that all the terms with 8, involve products of sine
and cosine functions. One of the trigonometric terms
comes from resolving the force vectors (Equation 8.33)
and the other from resalving the areas (Equation 8.35).
The need to resclve both of these quantities to determine
stress gives the stress the bi-directional quality thac dis-
tinguishes it from the unidirectional quality of vectors
such as force. Equations (8.12) and (8.13), derived in
our numerical example, are the same as Equations (§.36)
if in Equations (8.12) and (8.13} we replace o, and ;
on the left sides with ¢, and o, respectively, and on
the right side we take ¢, = ¢ and realize thar 63 = 0.




Thus, given the orientation of any plane defined
by 83, we can calculate the noomal stress and shear
stress components on that plane if we know only the
principal stresses. These equations, then, justify our ear-
lier assumption that the components of the stress rensor
at a point are necessary and sufficient for decermining
the normal stress and shear stress components on a plane
of any orientation through that point.

We can put the equarions in a more easily Inter-
preted form by using the standard trigonometric ident-
ities:

cos2 8, =0.5(1+cos 20)  sin? 8, =0.5(L—cos 20,) (8.37)
sin f; cos 8; = 0.5 sin 20,

Substituting Equations (8.37) into Equations (8.36) and
rearranging gives

Si+dy| [6,—-¢
a’n=|: I 63J+|: 17 63:|c05262
2 2 (8.38)
as=|:gl_g_§} sin 26,

Here (61 + 63)/2 is the mean normal stress, and
(61 — d3)/2is the maximum possible shear stress, as can
be seen from the face that sin 28; in the second equation
can be no greater than 1.

Equations (8.38) are identical to Equations (8.28),
which we deduced from the geometry of the Mohr circle.
Thus Equations (8.38) are the parametric equations for
the Mohr circle, with ¢, and &, as the variables and #;
as the parameter.

We can obtair a more familiar form for the equa-
tion of a circle by eliminaring 8;. We rewrite the first
Equation (8.38) as

s .
Gy — [“1 . "3} - [a‘ - ﬂ cos 28,  (8.39)

then square both sides of rhe seeond Equation (8.38)
and Equation (8.39), and add rhe resulting two equations
together. Applying the trigonometric identity

sin? 28, + cos? 260, = 1 (8.40)

yields the resule

&+ a\ P [&-a&T
|:c=,, — (——2 )] + et = [—2 ] {8.41)

This equation has the form
(x—a)? +y*=r? (8.42)

which is the equation of a circle that has its center a
distance a along the x axis and has a radius 7.

We recommend the following procedure for plot-
ting stress tensor compenents on the Mohr diagram:
Draw a diagram of the coordinate square in physical
space, with the coordinate axes oriented relative to each
other according to convention (1) above and the stress

components appropriately otiented according to the ten-
sor sign convention. Make a table listing the values of
the stress rensor components, and then, opposite each
component, list its value according to the Mohr diagram
sign convention. Normal stress components have the
same sign as the tensor components. Determine the sign
for the shear srress components by using the diagram
of the coordinate square. A shear stress component is
positive if it is a counterclockwise couple on the co-
ordinate square, negative if it is a clockwise couple.
Finally, plot the values of the components thus deter-
mined on the Mohr diagram (see the example given in
Appendix 84).

EX Terminology for States of Stress

A number of rerms thart refer to certain specific states
of stress are common in the literature. They all have
special characteristics, which are easy to describe in
tetms of the relevant stress tensor components and Mohr
circle diagrams {Figure 8.14).

Hydrostatic pressure, 6| =&, = §3=p (Figute
8.14A). All principal stresses are compressive and equal.
No shear stresses exist on any plane, so all orthogonal
coordinate systems are principal coordinates. The Mohrt
circle reduces to a point on the normal stress axis.

Uniaxial stress. The Mohr diagram for the three
dimensional stress is a single circle tangent to the or-
dinate at the origin. There ate two possible cases:

1. Uniaxial compression, d;> 6, =6d3=0 (Figure
8.14B). The only stress applied is a compressive stress
in one direction. This geometry is commonly used
in testing the strength of rock samples in the labo-
ratory.

2. Uniaxial tension, 0 = 6 = &, > &3 (Figure 8.14C).
The only stress applied is a tension in one direction.
Engineers often use this geometry to test the me-
chanical properties of metals.

Axial compression or confined compression,
G1 > &, = &3 > 0 (Figure 8.14D). A uniaxial compres-
sion of magnitude (61 — &3) Is superimposed upon a
state of hydrostatie stress (& = &3). This state is fre-
quently used in laborarory experimenrs on the high-
tempetature, high-pressure properties of rock.

Axial extension, extensional stress, or extension,
G = &5 > d3 > 0 (Figure 8.14F). A uniaxial tension of
magnitude {61 — &3) is superimposed on a hydrostatic
stress (§1 = &). This srate is also sometimes used in
high-temperature, high-pressure laboratory deforma-
tion experiments. It is unfortunate that the term exten-
sion has a different meaning when applied to strain,
and the distinction should always be made clear.
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(Three examples)

Figure 8.14 Mohr diagrams for special states of stress. The tensor components are shown for
the principal coordinate system, wirh the principal stresses written in standard order from top
lefr ro botrom righr along rhe principal diagonal. Here p, a, &, and ¢ all take on positive values,

and we assume @ > & > c.
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Triaxial stress, &1 > &, > &3 (Figure 8.14F). The
principal stresses are all unequal and can be of either
sign. The stress plots on the Mohr diagram as three
distinct circles (see Box 8.4).

Pure shear stress or pure shear, 6, = — &5 and
¢; = 0 (Figure 8.14G). The maximum and minimum
principal stresses are equal in magnitude and opposite
in sign; the intermediate principal stress is zero. The
normal stress on planes of maximum shear stress is
zero—hence the name. The Mohr diagram is centered
on the origin. The term pure shear has a different mean-
ing when applied to strain, and the ambiguity can cause
confusion.

Deviatoric stress {Figure 8.14H). The components
of the deviatoric stress 404, are defined by subtracting
the mean normal stress 7, from each of the normal
stress components in the three or two-dimensional stress
tensor. In three dimensions,

gy C12 013 o, 0 0
aOpe =021 022 63|—|0 o, 0
| €31 933 ©O33 0 0 o,
258 Mt Eﬂ T2 713
a0 =| Gy — T, 023 {8.43)
L on 63 Gy —0,
where
- o +op+o
G, = L_;-,z_i (8.44)

In two dimensions in the x;—x3 coordinate plane, the
components of the deviatoric stress tensor are given by

61— O g
ks = [ He o B_ } (8.45)
031 G33 — Oy
where
—_ g+ T 3
g, =12 (8.46)

For the deviatoric stress in two dimensions, the center
of the Mohr eircle is shifted to the origin of the graph

so that it appears to be a pure shear stress (Figure 8.13H}.
The deviatoric stress is useful in describing the behav-
lour of a material that depends only on the size of the
Maohr circle, which is a measure of the maximum shear
stress, and not on rhe location of the Mohr circle along
the normal stress axis, which is a measure of rhe average
pressure.

Differential stress (Figure 8.14I). The differential
stress pa is the difference between the maximum and
minimum principal stresses:

Do = 61 - C?3 (847)

It is always a positive scalar quantity that is twice the
radius of the largest Mohr circle and therefore twice
the maximum shear stress. For a two dimensional stress,
it is rhe diameter of the Moht circle (27; see the second
Equation 8.26) and is therefore a scalar invariant of the
stress tensor (Section 8.3, ptoperty 5). For a state of
axial compression or axial extension (Figure 8.14D, E),
it is the uniaxial stress that is applied in addition ro the
hydrostaric stress.

Effective stress {Figure 8.14f). The components of
the effective steess tensor goyy ate defined in three di-
mensions by

o1 O 013 Y
E0 =021 0n ox|—|0 pr O
931 03 O3 0 0 p
(14 — by Y] 913
=| on =P On (8.48)
L “n 0312 033 — Pf

where oy, are the components of the applied stress, and
pris the pressure of the pore fluid in the rock. As shown
in the diagram, the effective stress is the result of a shift
of the Mohr circle toward lower normal stresses by an
amount equal to rhe pore fluid pressure pr. We discuss
the effective stress in grearer detail in Section 9.5, where
we show that the mechaniccal behavior of a brirrle
material depends on the effective stress, not on the ap-
plied stress.

Additional Readings

Eringen, A. C. 1967. Mechanics of continua. New York: Wiley.

Fung, Y. C. 1965. Foundations of solid mechanics. Englewood
Cliffs, N. J.: Prentice-Hall.

~ Hubbert, M. K. 1972, Structural geology. Hafner Publishing
Co.
Means, W. D. 1876. Basic concepts of siress and strain for
geologists. New York: Springer-Verlag.
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Appendix 8A: An Illustrative Problem

In this appendix, we discuss a specific numerical prob-
lem to illustrate the technique of using the Mohr circle
and to illuscrace the types of problems that one can solve
using a Mohr circle. Students who have not read Section
8.4 should ignore, for each question, the discussions
about the change from tensor to Moht diagram sign
convention and should simply start with the values of
the stress components given for the Mohr diagram sign
convention.

Consider a faulc block thar is 5 km thick and rests
on a horizontal detachment associared with a listric

normal fault. The coordinate system is shown in Figure
8A.1A. Figure 8A.1B shows a free body diagram of a
section of the detachment sheet. The action of the ma-
terial that originally surtounded the free body is indi-
cated by a distribution of traction components, These
tractions arise from the force of gravity (the overbur-
den), the applied tectonic stress (which we assume to
be an east—west horizonral tensile stress), and the fric-
rional resistance to sliding on the detachment. We de-
termine the stress at the bottom left corner of the free
body, where we know the tractions acting on both co-

{Up)
Z A X,
(North)
Y X,
LEa)
l-_/{_. ._~..7'-¥..:
Skrn"_
" Detachment surface .. © .y . -
A.
2 A
X
4 ;‘ b
.Xl
+ = = +
e—| - Friction
.—»——r—r*—vv-:——,—'—.-—v-ﬂ-—,u
Tectonic  Qver- \ Over- Tectonic
stress burden  Net Net burden stress
stress Overburden stress
B.
e
o,z 0, =132.3 MPa
3= O = 79.4 MPa
o, =0, =-103MPa
X
0y= -0, = 79.4 MPa

Figure 8A.1 Simplified model of a fault block resting on a
detachment. A. A fault block bounded below by a horizonral
derachmenr fault. The coordinate axes are used in the analysis.
B. A free-body diagram of an isolared parr of the fault block.
C. The coordinate square from rhe lower-left corner of rhe
isolated body of the faulr block. C.
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ordinate planes. The corner is shown enlarged in Figure
3A.1C.

The vertical normal stress ¢33 Is the overburden
pressure due to gravity, and it equals che weighr per
unit area of the overlying rock. This is

033 = pgh (8A.1)

where p 15 the mass density of the rock, g is the grav-
jrational acceleration, and % is the distance to the top
surface. The stress is comptessive and therefore positive.

The horizonral normal stress 611 is the sum of the
horizontal compressive stress due to the overburden and
the tectonically applied stress T. Because we assume
the rock has some finite strengeh, the part due to the
overburden is some [raction k < 1 of the vertical normal
stress (in a fluid, however, x = 1), We assume, fur-
thermore, that T is a tensile tectonic stress, constant
with depth, that pulls the fault block to the west. Thus

oy =kipgh) — T {BA.2)

where we subtract T because it is tensile. g41 could be
positive or negative, depending on the relative values
of the overburden and of T.

The horizontal normal stress 3, resules only from
the overburden, because there is no exrernally applied
stress parallel to the x5 axis.

o2 = k(pgh) (8A.3)

Assuming that no shear stresses act on the plane
of the diagram, we have

Oy =03=70 (8A.4)

The frictional shear stress along the detachment
031 is given by the product of the coefficient of friction
i and the normal stress across the sliding surface. Ap-
plying the geologic tensor sign convention, we see that
on the negative side of the coordinate surface, the fric-
tional resistance acts in a positive coordinate direction
(x1}. Thus this shear stress component must be positive,

cy = lpgh) (8A.5)

Because of the symmetry of the stress tensor (Equa-
tions 8.24), we have now determined all the independent
components of the stress tensor in the given coordinate
system.

In order to introduce definice numbers into che
analysis, we adopt the {ollowing geologically reasonable
values for the symbols in the equations:

p=2700 kg/m® b =5000m

g = 9.8 m/s? T = 50 MPa
=03

u=06

Using these values with Equations (8A.1) to {8A.5), and
using the symmetry condition for the stress tensor

(Equations 3.24), we obtain the following values in me-
gapascals for the components of the stress tensor:

—103 0 79.4
Gpr = 0 397 0 (BA.6)
794 0 132.3

Because 631 = 633 = 0, the plane normal to x; must
be a principal plane, x; must be a principal axis, and
@y must be a principal stress. Without knowing the
values of the other ptincipal stresses, however, we do
not know whether it is the maximum, the intermediate,
or the minimum principal stress. We do know that the
other two principal axes must lie in the x;—x3 plane.
On the basis of the discussion at the end of Section 8.2
and that at the beginning of Section 8.5, we conclude
that because x; is a principal axis, we can analyze the
stresses on planes parallel to x; by using a two-dimen-
sional analysis of stress components in the x1—x3 plane.

In the following discussion, we refer by number to
the properties of the Mohr circle that we discussed in
Sections 8.3 and Box 8.4 and to the conventions listed
in Section 8.5, and we do not duplicate those discussions
here.

Question [

Construct the Mohr eircle for the two-dimensional stress
acting on planes normal to the x{—x3 plane—that is,
parallel to x;.

Procedure

To obrain the components of the two-dimensional stress
tensor in the xy~x3 plane, we drop all components that
have a 2 in the subscripts {see the discussion ar the
beginning of Section 8.5), which eliminates the second
row and the second column of the matrix in Equation
(8A.6), leaving, in megapascals,

o o1 ~103 794

Tkt = [031 033:| - { 79.4 132.3} BA.7)

Next we must determine how these components
plot on the Mohr diagram. The steps involved are as
follows: (1) Draw a diagram of the stress components
in physical space. (2) Use this diagram to change the
stress components from the tensor sign convention (Sec-
tion 8.4 and Figure 8.11) to the Mohr circle sign eon-
vention {Section 8.2 and Figure 8.3). (3) Plot the stress

components on the Mohr diagram. (4) Coustruct the
Mohr circle.

Discussion

1. Before constructing a diagram of the stress compo-
nents, we must be sure the coordinates in Figure
8A.1C are drawn in aceordance with convention 1
(see Section 8.5). If gyy had been greater than 33,
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then we would have had to plot x| positive to the
left and x; positive up, which is equivalent to viewing
the diagram from the north instead of from the south
as shown in Figure 8§A.1A.

On the coordinate square (Figure 8A.1C), draw
the pairs of arrows to represent the stress compo-
nents, using the tensor sign convention and the values
of the stress components (Equation 8A.7) to deter-
mine the correct orientations.

2. From Figure 8A.1C, we can determine the signs of

the stress components appropriate for plotting on
the Moht diagram. We recommend constructing a
table such as this:

Mohr diagram

Tensor value Mode value
o= —10.3 tensile Oy = —10.3
a3 =794 clockwise O = —79.4
o33 = 132.3 compressive O = 1323
oy =79.4 counterclockwise Ty =794

In the first column, list the symbols and values for
the stress tensor components exactly as they are given
in Equation (8A.7). Use Figure 8A.1C to check
whether the normal stress components are tensile or
compressive and whether the shear stress compo-
nents are clockwise or counterclockwise; note this
in the second column. This second column, with the

sign conventions for the Mohr citcle given in Figure

8.3, determines the sign of each stress component
entered in the third column.

3. The pairs of values (0., 0,;) and (0, 0.) from
the last column plot as two points en the Mohe
diagram {Figure 8A.2A).

4. A line connccting these two points on the Mohr

diagram must be a diameter of the Mohr circle (prop-
erty 3v), and the point where the diameter intersects
the o,-axis is the center of the circle (property S5i).
The circle can then be drafted with a drafting com-
pass. Alternatively, we can use equations of the form
of (8.27) to calculate the center and radius of the
Mohr circle, from which the whole circle can be
constructed.
~ O+ 0, —10341323

= =61 MP 8A.8
Ty 7 2 MPa { }

¥ = 0504y — Tyt 4+ (20,407
= 0.5[(—10.3 — 132.3) 4 4(79. 4125
r = 106.7 MPa (8A.9)

Question 2

Whart are the values and orientations of the principal
stresses in the x;—x3 (or x—z) plane? Draw a diagram
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a, [MPa]

(Uzzs Uz.x) =

(132.3, 79.4)

A ﬁ———r=106.7

B.

Figure 8A.2 Mohr circle construction for the illuscrarive prob-
lem. A. Mohr circle for the stress under consideration.
B. Orientarion of the principal axes in physical space and their
relationship to rhe original coordinare system, as derived from
rhe Mohr circle in part A. The two differensly oriented co-
ordinare squares both represenr the infinitesimal point, and
the compouents on each square represent the same stress. The
squares are drawn different sizes for clarity; arrows are not
to scale.

of physical space showing the relationship between the
x1 — x3 (x — z) coordinatcs and the principal coordi-
nates in that plane.

Procedurc

The values of the principal stresses are read from Figure
BA.2ZA at the points where the Mohr circle intersects
the o,-axis (property 2i). The values are 167.7 MPa and



—45.7 MPa. These values can also be obrained by add-
ing and subrtracting the magnitude cf the radius of the
Mobhr citcle (Equation 8A.9) to the value of &, the
center of the circle (Equation 8A.8). Recalling that
the third principal stress is 39.7 MPa (Equation 8A.6),
we label the values in decreasing order such that the
stress in principal coordinates is given by

6, 0 0 1677 0 0
Gre=|0 & 0|=] 0 397 0 (8A.10}
0 0 & 0 0 —457

The oriencations of the principal axes are also de-
termined from Figure 8A.2A, using the properties 31 and
ii and the plotting conventions used for Figure 8.13B.
We recommend tabulating the measurements as shown
below o avoid confusion and te ensure proper obser-
vance of the conventions. Measurements on the Moht
diagram are shown in Figure 8A.2A, and the corre-
sponding measurements in physical space are shown in
Figure 8A.2B.

On rthe Mohr Diagram

Sense of Measured Measured
Angle angle from Io
200 = 132° counrer- (T Tggt = (61, 0) =

clockwise (—10.3, —79.49) (167.7, 0)

2, = —48° clockwise  {o,,, 0, = (63, 0) =
(—10.3, —79.4) (—45.7,0)

In Physical Space

Sense of Measured Measured
Angie angle from to
o = 66° counrex- x {xq) #
clockwise
o= —24° clockwise x (x7) 3

Discussion

On the Mohr diagram, the angle 2oty = 132° is measured
from the radius at (oy,, 0,,) to the radius ac {§1, 0). Lt
15 twice the angle #; = 66° in physical space measured
from the coordinate axes x to £, which are the re-
spective normals to the planes on which the stress com-
ponents act. We measure angles in physical space from
x, because it is a cootdinate axis whose oricntation is
known. The angles on the Mohr circle must therefore
be measured from the point representing the stresses
on the plane normal to x (property 31). We could
use the z-axis as a reference in the same way, in which
case the corresponding angles on the Mohr circle would
be measured from the radius at (6, o,) = (132.3,

:79.4), and the corresponding angles in physical space

would be measured from the z-axis.
In labeling the principal axes, we [orm a right-
handed coordinate system (see Figure 8.1.2 in Box 8.1)

with £1, £;, and %3 parallel respectively to the maximum,
intermediate, and minimum compressive stresses and
with cthe positive ends of the principal axes arranged
such thac they conform to convention 1, discussed in
Section 8.5 (Figure 8A.2B). Here %, and %5 are neces-
sarily perpendicular, because they are the normals to
planes whose stress components plot at opposite ends
of a diameter of the Mohr circle (Figure 8A.24) (prop-
erties 3v).

Question 3

What are the extreme absolute values of the shear stress
acting on planes normal to the x]—x3 (x—z) plane—thar
is, parallel to x; (ot y)—and what are the orientations
of the planes on which these values occur?

Procedure

The maximum absolute values of the shear stress are
read directly from the ¢;-d3 Mohr circle (property 4)
(Figure 8A.3A).

| 5)imaxy = 106.7 MPa

The orientations of the normals to the planes of max-
imum shear stress ace determined from the angles on

the Mohr circle (Figure 8A.3A) as tabulated below:

On the Mohr Diagram

. Sense of Measured Measured
Angle angle from to
26 = +90° counter- (6,0)= (61, 106.7)
clockwise (167.7, 0)
28 = —90° clockwise (5, 0) = (61, —106.7)
(1677, 0)
In Physical Space
Sense of Measured Measured
Angle angle from o
8= +45° counrer- %1 nt
clackwise
b = —45° clockwise %y n”

where n* and n~ are, respectively, the normals to the
planes P* and P~ on which the maximum shear stress
is respectively positive and negative in the Mohr circle

_sigh convention (Figure 8A.3B, C).

Discussion

The valuc of the maximum shear stress is simply given
by the length of the radius of the appropriate Mohr
circle. In the £;—%3 plane, which is also rthe x—z plane,
lo| is a2 maximum on the ¢;-d3 Mohr circle at those
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Figure 8A.3 (Left) Planes of maximum shear stress. A. Mohy
circles for the three-dimensional stress, with radii drawn o
the points of maximum shear scress on each ciccle. B, C. The
two planes of maximum shear steess, showing the orienrations
of the normals to the planes relauve to the reference and
principal coordinate axes. ). Relative orientations of the prin-
cipal axes and the planes of maximum shear stress in two
dimensions. E. Relative orienration of the reference axes, the
principal axes, and the planes of maximum shear stress in
three dimensions.

167.7,0)

o, {(MPa]

a
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points where the radius is normal to the o,,-axis. From
Figure 8A 34,26 = — 28" = 90°. Thus in physical space,
the planes of maximum shear stress are parallel to %,
and their normals are at 8 = +45° (Figure 8A.3B) and
g = —45° (Figure 8A.3C) from £. The planes of max-
imum shear stress are therefore perpendicular to each
other, They are called the conjugate planes of maximum
shear stress, and the relationship berween these planes
and the principal stresses is shown in Figure 8A.3D.

Question 4

In the three-dimensional solid, what are the absolute
values of the maximum shear stress and the orientations
of the planes on which these values occur?

Procedure

In order to answer this question, we must consider the
Mohr diagram for the three-dimensional stress (Box
8.4). When all three Mohr circles are plotted (Box 8.4,
properties liii and 4ii; Figure 8A.3A), it is clear that the
maximum absolute value of the shear stress occurs on
the largest Mohr circle, which is the ¢;—d5 circle (Box
8.4, property 4ii}. The planes of maximum shear stress
in three-dimensional physical space are shown in Figure
8A.3E. The maximum shear stress on the ¢—d&; Mohr
circle {64 MPa) and on the dy—d¢3 Mohr circle (42.7
MPa) are maxima only for the respective sets of planes
rhat are parallel to £3 and =;.

Question 5

What is the mean normal stress for the two-dimensional
case in the £,—%3 plane? What is the mean normal stress
for the three-dimensional case?
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Procedure

The two-dimensional mean normal stress for the set of
planes parallel to any of the principal axes can be de-
termined from the Mohr diagram: Simply read off the
value of the normal stress ac the center of the appropriate
Mohr circle (Figure 8A.3A). Alternatively, it can be
calculated using an equation of the form of Equation
(8.26). For the dy—d3 Mobhr circle, we have

_ G+ 6y 167.7—457

Gy = 3 =

= 61 MPa

The three-dimensional mean normal stress cannor
be read off the Mohr diagram in any simple way {Box
8.4, property 5ii). It must be calculated from Equation
(8.4.4).

_ G+t dy 16774397 — 457
T3 T 3

= 53.9 MPa

Discussion

In the two-dimensional case, @, is the center of the
appropriate Mohr circle, and it is the value of rhe normal
stress on the planes of maximum shear stress that par-
allel one of the principal axes. In the foregoing example,
we considered the &;—é&3 Mohr circle, which shows the
stresses on planes parallel to %5, In the three-dimensional
case, the mean normal stress @, has neither of these
properties (Figure 8A.3A).

Question 6

What are the values of the normal and shear ecomponents
of the surface stress that acts on each of the following
planes?

Plane A is parallel to %5, and its normal is at an
angle oy = 35° from x; (Figure 8A.4A, B).

In Physical Space

Plane B is parallel to £, and its normal is at an
angle fig = —30° from %3 (Figure 8A.4C, D).

Procedure

Because plane A is parallel to £5, which is a principal
axis, the normal ng to the plane lies in the £,—%; plane,
which is also the x1—x3 (or x—2) plane {Figure §A 4A,
B). The stress compenenrs on this plane must therefore
plot on the ¢1—&;3 Mohr circle {Figure 8A.4E). Similarly,
plane B is parallel to the principal axis %1, so its normal
ng lies in the x—x3 plane (Figure 8A.4C, D). The srress
componenrs on plane B, therefore, must plot on the ;-
&3 Mobhr circle (Figure BA.4E). This geometry makes it
possible to solve both problems by separate two-di-
mensional analyses (see the discussion at the beginning
of Section 8.5). The geometric relationships in the ap-
propriate two-dimensional planes are shown for planes
A and B in Figures 8A.4B, D, respectively, where the
conventions for plotting coordinate axes {convention
(1), Section 8.5) have been used.

The relationships are summarized below in the ta-
ble “In Physical Space” (Figure 8A.4B, D). The con-
struction of the Mohr diagram that defines the stress
components on the relevant planes is derived from prop-
erties 3i and ii and from the dara in this table. It is
summarized below in the table “On the Mohr Circle”
(Figure 8A.4E).

In physical space (Figure 8A.4B), the normal ny to
plane A is defined by the angle o = 35° measured coun-
terclockwise from x (x;) in the x—z (x;~x3) plane, which
1s the same as the £;—x3 plane. Here x is the normal to
the plane on which the stress components are (0.,
Trgr = (—10.3, —79.4). Thus we can find rhe stress
components on plane A on the §;-&y Mohr circle by
measuring an angle 2, = 70° eounterclockwise from

Coordinate plane

containing Measured Measured
Angle rhe angle Sense of angle from to
Plane A X|—%; and counterclockwise x1 (or x} np
op = 35° x|—x3 (or x—2)
Plane B X—%y clockwise FR) ng
GB = 300
On The Mohr Diagram

Measured Measured

Mohr circle Angle Sense of angle from o
Plane A 20, =70° counterclockwise (—10.3, —79.4) {7y, 05} on
&[—63 plane A
Plane B 28y = —60° clockwise (—45.7, 0 (T, 65} ON
O'Az—O'A_:; plane B
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the radius at the point (O, Og) = {(—10.3, —79.4) planes A and B are read from the appropriate Mohr
(Figure 8A.4E). A similar procedure is used to find the circles in Figure $A.5E. The results, using the Mohr
stress components on plane B (Figure 8A.4D), except circle sign convenrions for the stress components, are

that in this case we must use the §;—d3 Mohr circle,
and angles are measured from %3 in physical space and

For plane A: {7, 6,) = (111.1, —94.2)

from (&3, 0) = { — 45.7, 0) on the Mohr diagram. For plane B:  {g,, 6,) = (—24.4, 37.0)

The normal stress and shear stress components on

Z 4 X A
Plane A A% X,

>

2 Plane 8

a, [MPa]
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Figure 8A.4 Derermining the compo-
nents of surface stress on plane A and
plane B. A. Three-dimensional diagram
showing the oriencation of ptane A with
respect ro the principal coordinate
planes. B. Two-dimensional diagram of
the relationships in parr A. C. Three-
dimensional diagram showing the ori-
enration of plane B with respecr ro the
principal coordinare planes. D. Two-
dimensionzal diagram of the relation-
ships in part C. Nore how the principal
axes have been oriented relarive to one
anorher ro conform to the convenrion
shown in Figure 8.4.1C in Box 8.4. E.
Mohr diagram of rhree-dimensional
stress, showing the construcrion for de-
termining the componenrs of surface
stress on planes A and B.





